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On the Lagrange and Markov Dynamical Spectra for 
Geodesic Flows in Surfaces with Negative Curvature. 

Sergio Augusto Romana Ibarra * 

Carlos Gustavo T. de A. Moreira"^ 


Abstract 

We consider the Lagrange and the Markov dynamical spectra associated to a geodesic 
flow on a surface of negative curvature. We show that for a large set of real functions 
on the unit tangent bundle and for typical metrics with negative curvature and fi¬ 
nite volume, both the Lagrange and the Markov dynamical spectra have non-empty 
interior. 


1 Introduction 


A mathematical object closely related to our work is the classical Lagrange spectrum (cf. 
|CF89j ). which we describe in the following: Given an irrational number a, according to 

Dirichlet’s theorem the inequality a — - < \ has inhnitely many rational solutions 


Markov and Hurwitz improved this result (cf. |CF89j ). proving that, for all irrational a, 
the inequality 


< 


has inhnitely many rational solutions C This is the best 

result which holds for all irrational numbers a\ for a = for instance, the constant 

vA in the denominator of the inequality cannot be improved. 


Meanwhile, for a hxed irrational a better results can be expected. We associate, to each 
a, its best constant of approximation (Lagrange value of a), given by 


k{a) = sup > 0 : 

= limsup |g(gQ; — p)| 


P 

a - 

q 
-1 


1 p 

< -—y has inhnite rational solutions - 
kq^ q 

G M U {-|-C)o}. 


p,q—¥oo 

P,<jeN 


Then, it always holds that k{a) > \/5. The set 

L = {k{a) : a G M \ Q and k{a) < 00 } 
is known as the Lagrange spectrum. 


*S. A. Romana is partially supported by CNPq, Capes and the Palis Balzan Prize. 
IC. G. Moreira is partially supported by CNPq and the Palis Balzan Prize. 
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Regular Cantor sets on the line play a fundamental role in dynamical systems. They 
are defined by expansive maps and have some kind of self similarity property: small parts 
of them are diffeomorphic to big parts with uniformly bounded distortion (see precise 
definition in section]^. Some background on regular Cantor sets which is relevant to our 
work can be found in |CF89j . |PT93j . |MY01j and |MY10j . 

In 1947 M. Hall (cf. |Hal47] ) proved that the regular Cantor set C{4:) of real numbers in 
[0,1] in whose continued fraction only appear coefficients 1, 2, 3,4 satisfies 

^(4) + C'(4) = [72 - 1, 4(72 - 1)]. 

Let a irrational expressed in continued fractions by a = [ao;ai, ...], for n G N. Defin¬ 
ing an = [ttn, cin+i, ■ ■ ■] and jSn = [0; a„_i, a„_2, ..., Oi], it can be proved by elementary 
techniques that 

k{a) = limsup(a„ -1- /3„). 

n^oo 

With this latter characterization of the Lagrange spectrum and from Hall’s result it fol¬ 
lows that L D [6,-|-cxd), so the Lagrange spectrum contains a whole half-line - such a 
half-line is known as a Hall’s ray of the Lagrange spectrum. 


In 1975, G. Freiman (cf. |Fre75] and |CF89] I proved some difficult results showing that 
the arithmetic sum of certain (regular) Cantor sets, related to continued fractions contain 
intervals, and used them to determined the precise beginning of Hall’s ray (the biggest 
half-line contained in L), which is 


2221564096 + 28374874^ 
491993569 


= 4, 52782956616... . 


Another interesting set related to diophantine approximations is the classical Markov 
spectrum defined by (cf. |CF89j ) 


M=< inf \f{x,y)\ ^ : fix,y) = ax^+ hxy + cy"^ with, — Aac = . (1) 

((x,y)eZ2\(0,0) J 

Both the Lagrange and Markov spectrum have a dynamical interpretation, that is of in¬ 
terest for our work. 


Let E = (N*)^ and a: E —>■ S the shift defined by cr((an)ngz) = {an+i)n&z- If / : E —)■ M 
is defined by /((a„)„6z) = ao + /^o = [oo, oi,... ] + [0, a_i, a_ 2 ,... ], then 


L= Mimsup/(a’*(0)) E 

n^oo 

and 

M = (sup/(ex’"(0)) E 

1^ nGZ 

There is also a geometric interpretation of the Lagrange spectrum which is the main focus 
of our work (cf. |CF89] ). Consider the modular group, SL{2,Z), that is, the set of all 
2x2 integer matrices with determinant equal to one, and PSL{2, Z) the projectivization 
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of SL{2, Z). Given any V G SL{2, Z), G = (“ ^) we define the associated transformation 
by V{z) = Note that ii W = XV with A e Z*, then V{z) = W{z). 

Remember that for an irrational nnmber a the Lagrange valne of a is 

k{a) = snp{/c : \q{qa — p)\ < k~^ for inhnitely many pairs of positive integers {p,q)}. 

We note that in the above dehnition we may assume that the positive integers p, q are 
coprime. In this case there exist integers p',q' such that q'p — p'q = 1, so for R = 
(-J') e SL(2, Z) and V(z) = we have 

k{a) = sup{/c : |R(c)o) — V{a)\~^ = \q{qa — p)| < k~^ for inhnitely many V G SL(2,Z)}. 

Let be of upper half-plane model of the real hyperbolic plane, with the Poincare metric, 
and let N := El^/PSL(2, Z) the modular orbifold. Let e be an end of N ( cf. |HP02j and 
[PPIO] ). dehne the asymptotic height spectrum of the pair {N,e) by 

LimsupSp{N, e) = < limsup hfe(7(t)) : 7 G SN > 

t^OO ) 

where hte is the height associated to the end e of N, dehned by 

hte{x) = lim d{x,T{t))—t, 

t^+oo 

being P a ray that dehnes the end e, and SN denotes the unitary tangent bundle of N. 


Using the latter interpretation of the Lagrange spectrum, the asymptotic height spectrum 
LimsupSp{N, e) of the modular orbifold N is the image of the Lagrange spectrum by the 
map t —)■ log I (see for instance [ |HPn2] . theorem 3.4]). The geometric interpretation 
of Freiman’s result in our context is that LimsupSp{N, e) contains the maximal interval 
[/i, -|-cxd) with 


/i 


log 


/ 2221564096 + 283748^4^^ 
I 2 ■ 491993569 j 


^ 0,817095519650396598... . 


In 1986, similar results were obtained by A. Haas and C. Series (cf. jHS86j ]) to the quotient 
of by a fuchsian group of SL{2, M). In particular by the Hecke group Gg dehned by 

V)) 

In the same year, Andrew Haas jHaa86j obtained results in this direction for hyperbolic 
Riemann surfaces. Then 11 years later, in 1997, Thomas A. Schmidt and Mark Sheigorn 
(cf. jSS97] l proved that Riemann surfaces have a Hall’s ray in every cusp. In 2012, 
P. Hubert, L. Marchese and C. Ulcigrai fcf. |HMU12] ) showed the existence of Hall’s 
ray in the context of Teichmiiller dynamics, more precisely for moduli surfaces, using 
renormalization. Recently, in 2014, M. Artigiani, L. Marchese, C. Ulcigrai (cf. |AMU14j ) 
showed than Veech surfaces also have a Hall’s ray. 
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Observe that all results mentioned above are on surfaces, which in the geometrical cases 
have all negative constant curvarures; let us see some known results in dimension greater 
than or equal to 3, for generalizations of both the Lagrange and Markov spectra. 

We may consider the following natural generalization of the Markov spectrum: 

Let B{x) = YliKi ~ ^ nou-degeuerate indehnite quadratic form 

in n variables and let us denote by the set of all such forms. Let d{B) denote the 
determinant of the matrix ( 6 p). Let us set 

m{B) = inf \B{x)\ and fi{B) = 

a;eZ"\{0} \d{B)\ 

Let Mn denote the set /i(<hn)- G. Margulis in |Marj showed that for any n > 3 and e > 0, 
then the set n (e, +C)o) is a hnite set. Since the Lagrange spectrum L, satishes that 
L G M (cf. |CF89] ). then M contains the Hall’s ray, but by the foregoing and Q implies 
this phenomenon only happens in u = 2 . 


Returning to the geometrical questions, let M be a complete connected Riemannian man¬ 
ifold with sectional curvature at most —1 and let e be an end of it; the associated Lagrange 
and Markov Spectra are dehned respectively by 

LimsupSp{M,e) = < limsup hte( 7 (t)) : 7 G SM 

y t^OO 

and 

MaxSp{M,e) = < sup hte{'y{t)) : 7 G SM 
t teR 

where 7(t) is the geodesic such that 7(0) = 7 G SM. 

In this case, J. Parkkonen and F. Paulin [PPlOj . using purely geometric arguments showed 
the following theorems: 

Theorem |PP10] If M has finite volume, dimension n > 3 and e is an end of M, then 
MaxSp{M,e) contains the interval [4.2,-|-oo]. 

Schmidt and Sheingorn |SS97j proved the two-dimensional analogue of the above The¬ 
orem in constant curvature —1. They showed that the maximum height spectrum of a 
hnite area hyperbolic surfaces whit respect to any cusp contains the interval [4.61, -|-cxd]. 

Theorem [PPTO] (The Ubiquity of Hall’s rays) If M has finite volume, dimension n >3 
and e is and end of M, then LimsupSp{M, e) contains the interval [ 6 . 8 ,-|-oo]. 



These last two theorems can be true in the constant negative curvature 2-dimensional 
case, but in [ |PP10j page 278] J. Parkkonen and F. Paulin expected them to be false in 
variable curvature and dimension 2 . 

This paper is inspired in this last question: is it possible that the two previous theorems 
hold for variable negative curvature in the 2-dimensional case? We prove some positive 
results in this direction, showing that these spectra have typically non-empty interior, in 
variable negative curvature and dimension 2 . 
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More precisely, let M be a complete noncompact surface M with metric ( ,) such that the 
Gaussian curvature is bounded between two negative constants and the Gaussian volume 
is hnite: denoting by Km the Gaussian curvature, we assume that there are constants 
a, 6 > 0 such that 

—a^ < Km < < 0. 

From now on we will consider M a surface as above. 

Let X be a vector held in X^{SM) and let / be a real function in C'°(S'M,M). The 
dynamical Markov spectrum associated to (/, X) is dehned by 

M(/,X) = |sup/(X*(a:)) : x e SM 

t teiR 

and the dynamical Lagrange spectrum associated to (/, X) by 

L(/, X) = I limsup f{X^{x)) : x G SM 

where X^{x) is the integral curve of the vector held X in x. 

Let 0 be the vector held in SM dehning the geodesic how of the metric ( ,) (here SM 
denotes the unitary tangent bundle of M). Let X^(SM) denote the space of vector 
held on SM. 

Theorem 1. Arbitrarily close to 0 there is an open set V C X^{SM) such that for 
any X eV we have 

int M{f, X) 7 ^ 0 and int L{f, X) ^ 0 

for any f in a dense and C^-open subset Ux o/M). Moreover, the above state¬ 
ment holds persistently: for any Y eV, it holds for any (f, X) in a suitable neighborhood 
ofUy X {X} in C^{SM,^) X X^{SM). 

Observe that, in the paper of J. Parkkonen and F. Paulin |PP10] . the dehnition MaxSp{M, e) 
and LimsupSp{M, e) coincides with M{f, X) and L{f, X), when / = hte o vr is the height 
function htg associated to the end e composed with the canonical projection tt : SM —)■ M, 
and X is the vector held that generates the geodesic how of M. 

We also prove a version of Theorem 1 for the restricted case of compositions of func¬ 
tions on the manifold M with the canonical projection. 

Theorem 2. Arbitrarily close to 0 there is an open set V C 'X}{SM) such that for any 
X eV we have 

int M(/ o TT, X) 7 ^ 0 and int L{f o tt, X) 7 ^ 0 

for any f in a dense and C'^-open subset Ux o/G^(M, M). Moreover, the above statement 
holds persistently: for any Y E V, it holds for any (/, X) in a suitable neighborhood of 
Uy X {Y} in C'2(M,M) X X^{SM). 
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The previous results can be extended to the following theorems, which requires more 
sophisticated techniques of perturbations of Riemannian metrics: 

Main Theorem 1: Let M he as above. There is an open set Q of metrics close to {, ) 
such that, for any g E Q, there is a dense and C^-open subset Tig C M) such 

that 

int M{f,(j)g) ^ ^ and int L{f,(j)g) ^ fh for all f ElLg, 

where (fg is the vector field defining the geodesic flow of the metric g and S^M is the 
unitary tangent bundle of the metric g. 

Main Theorem 2: Let M he as above. There is an open set Q of metrics close to 
( , ) such that, for any g E G, there is a dense and C'^-open subset TLg C C^(M, M) such 
that 

int M{f o 71, (pg) and int L{f o Tr^cpg) tp for all f ETig. 


The statements of these two Theorems hold persistently in (/, (pg), as before. 

The problem of hnding intervals in the classical Lagrange and Markov spectra is closely 
related to the study of the fractal geometry of regular Cantor sets related to the Gauss 
map. However, in the subsequent works on geometrical generalizations of the classical 
Markov and Lagrange spectra we mentioned above the techniques do not involve fractal 
geometry or the study of regular Cantor sets. In the present study of two-dimensional 
spectra, recent results on fractal geometry of regular Cantor sets are (again) a key ingredi¬ 
ent in the proofs of our results about dynamical Lagrange and Markov spectra associated 
to geodesic flows in negative curvature. We use and adapt in this work techniques from 
[MYnij . |MYinj and |MRnl3j . 


The paper is organized as follows: In section we recall some classical results of hyper¬ 
bolic dynamics which are relevant to this work. In section we construct a hyperbolic 
set for the geodesic flow, with Hausdorff dimension close to 3. Using this hyperbolic set, 
we construct a hnite number of (disjoint)transversal sections to the geodesic flow, and 
we show that the Poincare (hrst return) map of the union of sections has a hyperbolic 
invariant set - a horseshoe -with Hausdorff dimension close to 2. In section using the 
results of section |MRnl3] , jMYOlj , |MY 10] and some combinatorial techniques (sub¬ 
section 4.1.3), we prove the Theorems 1 and 2. In subsection 4.2, we develop techniques 


of perturbations of Riemannian metrics together with further combinatorial techniques 
in order to adapt constructions of |MYlOj in the context of our work, which allows us 
to adapt the proof of Theorems 1 and 2 in the restricted context of geodesic flows, and 
obtain the Main Theorems 1 and 2. 


2 Preliminaries 

A C^-flow 93 *: M —)■ M on a manifold M is said to be an Anosov flow if M is hyperbolic 
set for if* (cf. Appendix |5.1[). 
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The central example of Anosov flows is provided by geodesic flows. Given a Riemmanian 
manifold M, denoted by TM the tangent bnndle and SM = {(a;,n) G TM : ||n|| = 1} 
the nnit tangent bnndle of M. 

A classic resnlt dne to D. Anosov (cf. |Ano69] . |Kli82] and |KH95j ) states that for com¬ 
plete manifolds of cnrvatnre bonnded between two negative constants, the geodesic flow 
0 on SM is Anosov. Moreover in this condition, if the volnme of M is finite, then the 
non-wandering set of the geodesic flow G(0*) is eqnal to SM and the spectral decompo¬ 
sition theorem implies that the geodesic flow is transitive, so lR“(a;,n) and lR™(x,n) are 
dense sets in SM, for any {x,v) G SM (cf. |Ano69] . |Pat99j and [ |Kli82] chapter 3]). 

The snbbnndles and E'^'^ are known to be nniqnely integrable. They are tangent to 
the strong stable foliation IT^* and strong nnstable foliation hT““, (cf. |CL77j for the 
precise definition of foliation). 


3 Hyperbolic Set in Cross-section for Geodesic Flow 

In this section we constrnct a hyperbolic set with Hansdorff dimension greater than 1 for 
Poincare map associated with the geodetic flow. First we consider some theorems that 
will be nsed in onr arguments. 

The following theorem was proved by S.G. Dani (cf. |Dan86j and |DV89j l 


Theorem: Let M be a complete noncompact Riemannian manifold such that all the sec¬ 
tional curvatures are bounded between two negative constants and the Riemannian volume 
is finite. Let p E M and Sp the space of unit tangent vectors at p, let C be the subset of 
Sp consisting of all elements u such that the geodesic rays starting at p in the direction 
u is a bounded subset of M. Then C is an incompressible subset of Sp (cf. subsection 5.6). 


In other words, let M be a manifold as in the theorem and consider the geodesic flow 
corresponding to M, defined on the unit tangent bundle, he., 

SM = {{p,u) -. p e M,u e Sp} 

equipped with the usual Riemannian metric. Then, the above theorem implies the fol¬ 
lowing result on the dynamics of the flow. 


Corollary: Let the notation be as above and let C be the subset of SM consisting of all 
elements (p, u) whose orbit under the geodesic flow is a bounded subset of SM, then C 
is a subset of SM, which has Hausdorff dimension egual to the dimension of SM, with 
respect to the distance induced by the Riemannian metric. 

In particular, if M is a surface, then HD{C) = dim{SM) = 2(2) — 1 = 3, where HD 
denotes the Hausdorff Dimension. Using this Gorollary we will construct a hyperbolic set 
for the geodesic flow 0. 


Gonsider now a family of bounded open subsets indexed by M, with the following proper¬ 
ties: 
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1. If a < /3, then IIq, C 


2 . / SM, this is, (J = SM. 

a£R 

For example, fla = Ba{p), the ball of radius a and center p. 
Let 

0^ Rx SM —> SM 
{t,x) I —> (j)\x) 


be the geodesic flow. 

Put Hq = then we have the following statement: 

iSK 


C C IJ fla, 

oSK 


where C is given in the previous Corollary. 

In fact, let a; G C, then there exists a compact set such that the orbit of x, 0(x) C 

Kx C for some ax G M, this implies that </)*(x) G for all f G M, therefore x G 
and the statement is proved. 

Let On be a sequence in M such that —> oo as n —> oo and then 

C , since C . Hence 


CXD 

c'c ljn„„, 

n=l 

where H is the closure of fl. Since HD{C) = 3, then swp^HDiSLan) = 3, therefore there 
exists n such that HD{Qoi„) is very close to 3. 

Now notice that VLa„ is compact and 0*-invariant, and since 0* is an Anosov flow on SM, 
then VLa„ is hyperbolic set for geodesic flow 0*. Call 

A := and HD{K) ~ 3. (2) 

3.1 Cross-sections and Poincare Maps 

This section is adapted from |APin[ chap. 6]. 

Let S be a cross-section to the flow, that is a C^-embedded compact disk transverse a 
0* at every point z G S: We have T^S © {(t){z)) = T^SM (recall that {(p{z)) is the 1- 
dimensional subspace {s(l){z) : s G M}). For every x G S we dehne lF®(x, S) to be the 
connected component of lF“(x) fl S that contains x. This dehnes a foliation of E into 
codimension 1 submanifolds of class (cf. |APinj ). 
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Remark 1. Given any cross-section S and a point x in its interior, we may always find 
a smaller cross-section also with x in its interior and which is the image of the square 
|0.1| X [0,1], by a dijfeomorphism h that sends horizontal lines inside leaves of 
Thus, the cross section that we consider are those that are image of the square [0,1] x [0,1] 
by a dijfeomorphism h that sends horizontal lines inside leaves of In this case, we 
denote by intiTi) the image of (0,1) x (0,1) under the above-mentioned dijfeomorphism, 
which we call the interior of S 

3.1.1 Hyperbolicity of Poincare Maps 

Let S = IJ Sj be finite union of cross-sections to the fiow and let 7?.: S —)■ S be a 
Poincare map or the map of first return to S, TZ{y) = where tfiy) correspond to 

the first time that the orbits of ?/ G S encounter S. 

The splitting over Uq neighborhood of A defines a continuous splitting 

© E"^ of the tangent bundle TS with S G {S*}*, defined by 

{y) = El^ n T,S and El {y) = Ef^ n T,S (3) 

where E^f = EJfi © {^{y)) and E'fi- = E'f^ © (fiy)). 

We now show that for a sufficiently large iterated of TZ, then ([^ define a hyper¬ 
bolic splitting for transformation IZ^ on the cross-sections, at last restricted to A. 


Remark 2. 


1. In what follows we use K > 1 as a generic notation for large constants depending only 
on a lower bound for the angles between the cross-sections and the flow direction, and on 
upper and lower bounds for the norm of the vector field on the cross-sections. 

2. Let us consider unit vectors, G EJf and e% G El[x), and write 


e 


SS 

X 


^X 


110(^)11 ■ 


(4) 


Since the angle between EJf and (j){x), Z{EJf , fii^x)), is greater than or equal to the angle 
between EJ^ and Eff, E{EJf, EJf), because 0(x) G Ef^ and the latter is uniformly bounded 
from zero, we have > n for some n > 0 which depends only on the flow. It is clear 
from 0 and the fact that the above angle is uniformly bounded from zero. 

K A 

Let 0 < A < 1 be, then there is ti > 0 such that A*^ < -—A and A*^ < take n, 

such that tn{x) := 'Yjl^itfix) > t\ for all x G S, where tfix) is such that IZ\x) = 


So, we have the following proposition: 

Proposition 1. Let IZ: E ^ E be a Poincare map and n as before. Then DlZf,{El[x)) = 
El,{IZ'^{x)) at every x G S G {Sj}* and DIZl{El{x)) = El,{IZ^{x)) at every x G A fl S 
where IZ^^x) G S' G {Sjji. 

Moreover, we have that 
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||-D7?."'|£;s (a;) II < A and ||D7^"'|^g(a;) || > A 

at every a; G S G {Sj}j. 

Proof. The differential of the map TZ"^ at any point x G S is given by 

D7^"(x) = P7^"(x) o 

where Pn^[x) is the projection onto T7^n(a,)S' along the direction of 0(P”(x)). 


Note that is tangent to S fl 1V“ D hT®(x, S). Since the center stable manifold lT“(x) 
is invariant, we have invariance of the stable bundle: 

DPP{x){E^{x)) = E^i{PP{x)). 

Moreover, for all x G S we have 

since Pn^^x) is the projection along the vector field, it sends to E^,(VP{x)). 

This proves that the unstable bundle is invariant restricted to A, that is, DTZ^ (x)(P^(x)) = 
E^,{TZ‘^{x)), because has the same dimension 1. 

Next, we prove the expansion and contraction statements. We start by noting that 
||-pR."(x)|| < A', with K > 1, then we consider the basis | \\^^^)\\ > of A™, where ef 

is a unit vector in the direction of E^{x) and 4>{x) is the direction of flow. Since the flow 
direction is invariant, the matrix of relative to this basis is upper triangular: 

II0(^"W)II * -| 

UiPW 

0 a _ 

this is due to fact that D(jf'^^^\(j){x)) = = 0(P"(x)). 

Then, 




\DW‘(x)el\\ = ||PK.w(r'^‘"‘''(a^))e:l| = = 


> 


1 mx)\\ 

KwmHm 




To prove that ||iAP”|£;|,(x)|| < A, let us consider unit vectors, G E^^ and e® G E§.{x), 
and write as in Q 


+ bx 


f){x) 

m^)\\ 


We have \ax\ > n for some k > 0 which depends only on the flow. 
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Then, since Pn-^^x) 


0(7^"'(x)) 


0 we have that 


DTr{x)el\\ = ||FR..,.,(D,>‘"“(a:))eJ|| 

< — \\D(t)^-^^\x){el^)\\ < < A . 


(5) 

□ 


3.2 Good Cross-Sections 

For each x G A = Xla„, (cf. (|2)), we can take cross-section S in x, and using a tubular 
neighborhood construction in the cross-section S, we linearize the flow in an open set 
f/s = [intYX] for a small 7 > 0, containing x the interior of the cross section. 

This provides an open covering of the compact set A by tubular neighborhoods. 

We let {[/si : ^ = 1,2,..., Z} be a finite covering of A, this is 

i i 

Ac\JU^^ = \J(P^-^’^\tntYi). ( 6 ) 

i=l i=l 

Using a result on the differentiability of the strong stable foliations, we can choose these 
cross-sections Sj in such a way that they do not intersect. 


Now we introduce the tools to prove the above claims. 

The following result is due to Morris W. Hirsch & Charles C. Pugh (cf. |HP75j ). 
Theorem(Smoothness Theorem) 

Let M be a complete surface with Gaussian curvature bounded between two negative con¬ 
stants, then the Anosov splitting T{SM) = © 0© 7?““ for the geodesic flow is of class 

Ch In particular, the strong stable foliations and strong unstable foliations are of class 
C\ 


Let be the strong stable foliations and the strong unstable foliations, this is 
P^{x) = hF*(x) for i = ss, uu, are foliations of dimension one. Then we have the following 
Lemma. 

Lemma 1. Let x G SM and L be a -embedded curve of dimension one, containing x 
and transverse to the foliation , then the set 

Sx := [J T“(z) 

z£L 
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contains a surface that is C^-embedded, which contains x in the interior and if L is 
transverse to the foliation then, Sx is transverse to the geodesic flow. 

Proof. Let {U,ip) be a chart of the foliation with x E U, since the dimension of 
foliation is equal to 1 and dim{SM) = 3, there are disks C M and U 2 C such 
that (p : U ^ Ui X U 2 , put II 2 '■ Ui x U 2 ^ U 2 the projection on the second coordinate. 
Let f = II 20 p function of class C^, clearly / is a submersion. 

Claim: If Dpx{v) = {w, (0,0)) G M x then v G TxIF^^{x). 

In fact: Let a{t) he any curve in U, such that a(0) = x and q;'(0) = v, put p{x) = (xi, X 2 ) 
and p{a(t)) = {ai(t), a 2 (t)). Therefore, aj(0) = Xi for i = 1,2 and a)^(O) = w, 

« 2 ( 0 ) = (0)0)^ then Dp~^^.^{w, {0,0)) = —p~^{aflt), a 2 {t)) \t=o, where aflt) = xi + tw 
and di 2 {t) = X 2 , by the properties of the chart {U,p) {aflf), a 2 {t)) = {aflf), X 2 ) C 

jrss 

(x) and since p ^(ai(0), 02 ( 0 )) = p ^{xi,X 2 ) = x, then 

^ = ^‘d"^(«i(f),«2(t))|t=o e TxF^flx), 

as wanted. 

Now is easy show that the set f{L) is a -submanifold of dimension one. Indeed, let 
fl : (—e, e) —>■ SM a C^-emhedding on L in some y E LDU, with /?(0) = y. Then as L is 
transverse to the foliation and demonstrated above, we have 

(/o ffy(tj = # 0 

for all t. As L is a C^-embedded, then the above implies that f{L) is a -submanifold 
of U 2 . Therefore, since f is a submersion and f{L) is a submanifold, then f~^{f{L)) 
is a -submanifold of SM, with the following property: If z E f{L), then f~^{z) = 
p~^{Jlf^{z)) = p~^{Ui X {z}) = J^^^{y) n U where z = f{y) and y E L, and follows the 
Lemma. 

□ 

In particular, taking L = Wfl^{x) with e given by the stable and unstable manifolds the¬ 
orem, we call Sx '■= Tlx- Note that an analogous Lemma holds for the foliation 

Without loss of generality, we can assume that Tx is diffeomorphic to the square [0,1] x 
[0,1]. Put Tx = S, with the horizontal lines [0,1] x rj being mapped to stable sets 
W^{y, S 3 ;) = W^^{y) n Tx. The stable-boundary cI®S is the image of [0,1] x {0,1}, the 
unstable-boundary d'^T is the image of {0,1} x [0,1]. Therefore, we have the following 
dehnition. 

Definition 1. A cross sections is said 5-Good Cross-Section for some 6 > 0, if 
satisfies the following: 

d{AnT,d^T) > 6 and d{Ar]T,d^T) > S 
where d is the intrinsic distance in S, (cf. Figure^. 

A cross-section which is 5-Good Cross-Section for some 6 > 0 is said a Good Cross- 
Section-GCS. 
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Figure 1: Good Cross-Section 

Lemma 2. Let Tj be a 5-Good Cross-Section, then given 0 < S' < 5 there is a S'-Good 
Cross-Section S' C int(T,) and such that dT,' n dT, = 0. 

Proof. Call 7i, i = 1,2, 3,4 the C^-curves which form the boundary of S. Let 7" be a 
Chcurve contained in S and satishes (i(7i, x) = 6 for any x G yf (cf. Figure [^. Therefore, 
A n S is contained in the region bounded by the curves 7'' in S. Now consider the C ^- 
curves 7' C S with the property d{'yi,x) = S' for any x G 7'. Then the region bounded 
by the curves 7' is a 5'-Good Cross-Section, S' C mfS, (cf. Figure]^. 



Figure 2: Reduction of CCS 


□ 


Now we prove that for any x E A there exists Good Cross-Sections which contains x. 

Lemma 3. For any x G A there exist points x^ ^ A and x~ ^ A in distinct connected 
components o/hF®'^(x) — {x}. 

Proof. Let x G A, suppose otherwise there would exists a whole segment of the strong 
stable manifold entirely contained in A and containing x in the interior, called ( this 
segment. Without loss of generality, we can assume that Wff^{x) C (. Now take tk a 
sequence such that t cxo as fc —)■ 00. Then as A is a compact invariant set, we can 
assume that 0“*''(x) -E y E A as k ^ 00 . 

Claim: C A. In fact: 
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Let e as W^^{y) = i^ioc{4>^{y))-: ^hen there is T > 0, such that 

4>^{z) e (?/)). Then by Stable Manifold Theorem W{y)) is accumulated by 

points of for large k. Let k be sufficiently large such that {—tk + T) < 0 

and C C A, as well A is a invariant set and ( C A. Hence 

as A is closed, we have that hL;oc('^^(2/)) this implies that z E A. This proves 

the assertion. 

The above statement implies that A D W^^{y) = UteR 

Let w e then there is to ^ such that, w G (?/)), Hence there is T > 0 

such that (jF{w) G W^^{(jF^^°{y)). Then (jF^'^{w) G for r > 0, so we 

can assume that T + to > 0. Therefore 

0-*o(w) = (/.-('^+*°)(0^(w)) G C W^\y) C A. 

Since A is invariant, then w E A. This implies that W^^{y) C A, but in our conditions 
SM = W^^{y) C A and this is a contradiction. This concludes the proof of Lemma. □ 

Similarly we have. 

Lemma 4. For any y E A there are points y^ ^ A and y~ ^ A in distinct connected 
components o/lT““(a;) — {x}. 

Proof. Similar to proof of Lemma □ 

Lemma 5. Let x E A, then there is 5 > 0 and a 5-Good Cross-Section S at x. 

Proof. Fix e > 0 as in the Stable Manifold Theorem, and consider the cross section 
Ej, given by the Lemma containing a segment of H^/^(x) and fF““(x) with x in the 
interior. By Lemma and Lemma we may hnd points ^ A in each of the connected 
components of hF/^(x) fl Sa, and points ^ A in each of the connected components 
of hF““(x) n 'Px- Since A is closed, there are neighborhoods of x^ and of z^ 
respectively disjoint from A, (cf. Figure]^. 



Figure 3: First step to construct GCS for x G A 


In Figure]^ it can happen that enclose a region homeomorphic to a square, in 

this case there is nothing to be done. 

If this is not the case in the hrst instance, we prove that the above can be obtained. 
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Let tfc be a sequence, such that tk —)■ +cxd as fc —)■ +cxd and — )■ ?/ G A as —)■ +cxd, 

then by Lemma there are in each of the connected components of W^^{y) such that 
^ A and there are neighborhoods of y"^, respectively with fl A = 0. 

Now for z G hL““(a;), we have 

(z), y) < (z), 0“*'=(x)) + d{(j)~^>‘(x), y) 

converges to zero as fc —)■ oo. Using the continuity of lU/®(a;) with x G SM, given by 
the Stable Manifold Theorem, we have for sufficiently large A;, say k > ko, W^^{(j)~^'‘{z)) 
is close to W^^{y), for all 2; G lU““(a;), this implies that fl fU*®((/>“*'= (;2)) 7^ 0. Hence, 
there are 2;^ G fl (z)), for all G lU““(a;) (cf. Figure]^. 



Figure 4: Second step to construct GCS for x G A 

We want to see now that for sufficiently large k, and Vf" has the property of 

enclosing a region homeomorphic to a square. In fact: Consider the points w^' in 
i = 1,2 as in Figure]^ with d{wi,W 2 ) > 0. Let 7 ^^ C a segment joining wf with 
that contains G J"*" fl hF/^(0“*'“(x)) and transverse to hF/^(0“*'=(x)), it suffices to prove 
that 0*''(7fc^) has diameter greater than or equal to e for sufficiently large k. Now we can 
assume that wf G hF““(0“*'=(x)) for i = 1,2, then 

d{(j)*’={wf),(j)^’‘{w2)) > K~^e^^’‘d{wf,W2)- 

Therefore, there is ko such that for k > ko the expression on the right in the above in¬ 
equality is greater than equal to e as desired. 


Note also that as z^ G lF/^(0 *'“(^)), for 2; G W““(x) then 

d{(j)^^{z^), z) = (i(0*''(2:^), < Ke~^^'=d{z^, 4>~^'={z)) 

< Ke~^^'‘e, 


for ^ G lF““(x). 


So, for sufficiently large k, say k > /cq, the expression on the right in the above in¬ 
equality is very small, so that cross and is close to hF““(x). Analogously, we 
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can obtain such that ) cross and is close to hh““(a;) for k > k^. 

On the other hand, we know that for each z G W'^'^{x) there is 2 ;^ G fl 
respectively. Hence, for sufficiently large k^, 0*'=o(J+) and 0**0 (J“) crossing V^. More¬ 
over, e n 0**0 (J±) c n 0**0 (J±) C n 0**0 (J±) for any 

G H0““(a;) with 0**o(J=*=) fiA = 0. Then the open sets V-^ and 0**o(J=*=) have the desired 
property. 

Let 13^ be a segment of W^^{z^) contained in V-^ respectively. Take ko large enough such 
that the endpoints of 0^, for i = 1,2 is contained in 0**o(J=*=), (cf. Figure]^. Let 
be a O^-curve transverse to the foliation contained in 0**o(J=*=) n and joining f3f 
with 0^, respectively. Finally, the good cross-section it is the cross-section determined by 
the curves 0^ and (cf. Figure |5|. 



Figure 5: The construction of GCS for x G A using positive iterated 
And this concludes the proof of the Lemma. 
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Remark 3. Note that if k > ko, is as in the proof of the Lemma\^ this is, we have the 
Figure^ then for k' > k > ko. We have the same Figure^ but the open has 

diameter much greater than e, (cf. Figure^. 



Figure 6: Small GCS 


Remark 4. In the proof of Lemma^ we could consider an accumulation point (p^{x) for 
t > 0, and get the same result. But in this case crossed conseguently satisfies Remark 
m this case, (cf. Figure^. 



Figure 7: The construction of GCS for x G A using negative iterated 

Remark 5. Given x & A (cf. from now on, we call the Good Gross-Section given 
by the previous Lemma associated to x. 

Corollary 1. Given x,y E A, such that there is a C^-curve ( C int{Tix) nmt(Sy). If ( 
intersects transversely to foliation then int{T,x) fMntiJly) is an open set of T,x and 
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Proof. Since ( C nmt(Sy) a C'^-curve transverse to Then for all z E (, there 

are x' E Wf^{x) and y' E Wf^iy) such that z E iy®®(x') flSa; and z G iy®®(|/') Then 
there is 5 > 0 such that the set 

S = IJ Wf^{z) C n int{Ey). 

Thus, we have the Corollary. □ 

Remark 6 . Suppose that Si, S 2 are GCS and Si fl S 2 7 ^ 0, but mtSi fl mtS 2 = 0, then 
as both are GCS, there are two GCS S* C Sj for i = 1,2 such that Si fl S2 = 0 with 

2 2 

A n IJ (mtSi) = A n IJ (mtSi). (7) 

i=l i=l 

In fact: 

By Lemma there are GCS, Sj C int{T,i) such that dTii fl 9Sj = 0 for i = 1,2, as 
mtSinmtS2 = 0, then SinS2 = 0. Also the Lemma^implies that Ar\int{T,i) C int{fli), 
thus we have A fl mt(Sj) = A fl int(Jli) and as A is (ff invariant. Then 

A n n mt(Si)) = ^(-^'’^'^(A n mt(Si)) = A n 

Therefore we have 0. 


Thus, by Remark from now on we can assume that if two GCS has nonempty intersec¬ 
tion, then their interiors have nonempty intersection. 

3.3 Separation of GCS 

By Lemma at each point of x G A, we can find a Good Cross-Section S^,. Since A is 
a compact set, then as in ([^, there are a finite number of points Xj G A, i = 1,..., I such 
that 

i i i 

A C C lj0(-^’^)(mfS,) = \JUj:^, (8) 

i=l 2=1 2=1 

where Sj := S^.^. 

In this section we prove that the {Sj}j can be taken pairwise disjoint. 

Lemma 6 . If Sj fl S^ 7 ^ 0 for some i,j E {1,...,/}, Sj and Sj as in the Corollary^ 
Then there is 6' > 0 such that 0'^(Sj) fl S^ = 0 for all 0 < 5 < 5'. 

Proof. Suppose otherwise, then for all n sufficiently large, there is G Sj such that 
E Sj. Since Sj is a compact set, we can assume that z” converge to Zi as n 
tends to infinity. Then 0n(z”) converge to Zi as n tends to infinity. This implies that 
Zi E Sj n Sj. 

Suppose that Zi E intHj, as the vector held which generates the geodesic how has no 
singularities, then by the Tubular Flow Theorem, there are r > 0 and 77 > 0 such that 
Br{zi), the open ball of radius r and center Zi, satishes 
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4>\Br{zi) n Sj) n Sj = 0 


for all 0 < t < 77. 

Moreover, by the Corollary]^ we have {Br{zi) fl Sj) \ {zi} C Sj. Take n large enough 
such that zf G Br{zi) fl S, and ^ < V- So (j)”{z^) ^ Sj which is a contradiction. 

Suppose now that Zi G dHj. Then we can hnd a new GCS S'- D Sj as in the Lemma 

a and such that Zi G intY^'y So Sj and S'- behave as in the previous case and again to 
tain a contradiction. Thus we conclude the Lemma. □ 


The following Lemma proves that the GCS in ([^ can be taken disjoint if all possible 
intersections of Sj with S^ are in the hypothesis of the Corollary 

i 

there are GCS S* such that A C with the property 

i=l 

Sj n Sj = 0 for all i,j G {1,..., /}. 


Lemma 7. Assuming (8 


Proof. We will do the proof by induction on 1. If / = 1, is clearly true. For I = 2, can 
happen two cases: 


1. Si n S2 = 0, in this case take S^ = S^ for k = 1,2. 

2. Si n S2 7^ 0 and mfSi fl mfS2 = 0, then by Remark]^ and Q have the desired. 


3. mt(Si) n mt(SG 7^ 0, then take A > 0 as in Lemma then for 0 < <5 < 5' 
and 6 < by (8) putting Si = 0‘^(Si), clearly Si is a GCS and as 5 < ^, then 
0(“i’i)(Si) C 0*^“'’'’''^(Si) and satisfies the Lemma. 


Suppose that the Lemma is true for all fc < /, and we will show that it holds for k = 1. In 
fact: Suppose that given any number fc < / of GCS as in ([^ there are a number fc < / of 
new GCS such that 


and Sj^ n Si^ = 0 for s, r G {1,. .., k). 

Note also by Remark]^ we can suppose that, Sj fl S^ = 0 -77 (i(Sj, Sj) := Sij > 0, where 
d is the distance between the two cross-section. 

Statements: 

1. If Sj n Sj = 0 and S^ n Sj 7 ^ 0, then there is h > 0 such that 0'^(Si) n S^ = 0 and 
0'^(Sj) n Sj = 0. In fact: 

Let Sfc be such that Sj fl S^, 7 ^ 0, then take 6 < min{(5jj, |} in Lemma such 
that 0'^(Sj) n Sfc = 0. Moreover, if 2 ; G 0^(Sj) fl Sj, then (j)~^{z) G Sj and 
d{(j)~^{z), z) = 5 < 8ij = (i(Sj, Sj), which is absurd. Therefore 0'^(Si) n Sj = 0. 
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2. Given i G {1,...call Bi = {j : Sj fl 7 ^ 0}. Then there is 5 > 0 such that 
n Sj = 0 for all j. In fact: 

If r ^ Bi, then c?(Sj, S^) = 5ir > 0. By Lemma ^ for each s G Bi, there is 
5s < min{min(5jr, 7:} such that fl = 0 and by the choice of Sg, we also 

r^Bi 2 

have to fl = 0 for any r ^ Bi. So for 6 = min5s we have the statements. 


Now £x the GCS Si. Suppose that #({j : Sj n Si 7^ 0} := Gi) < / — 1, then from 


statements 2 above, there is 6 such that 0‘’(Si) fl Sj = 0 for all j 7^ 1. Then 


Dy induction 
and calling 


hypothesis applied to {Sj : j 7^ 1}, we obtain new GGS Sj than satishes (9 
0'^(Si) = Si. Then the set {S^ : j = 1,... ,1} satishes the Lemma. 

Note that since (i(Si,Sj) = 5ij > 0 for all j 7^ 1, then Sj may be obtained such that 

d(Si, Sj) > 0. 


Suppose now that #Gi = I, then for each j 7 ^ 1 there is 6j > 0 given by the Lemma 

such that 0*(Si) fl S,- = 0 for all 0 < f < 5j. Take 0 < 5 < min{min5,', —Therefore 
_ _ jVi 2 

Si := 0'^(Si), satishes Si n Sj = 0 for all j 7^ 1. Gonsidering {Si, S2 ,..., S;}, we have 

: Sj n S2 7^ 0} < / — 1, as done previously, we have the result of Lemma. □ 


Now we will study the case of transverse intersections between the sections Sj. 

Let S, S' are GGS as in the Lemma with S fl S' 7^ 0. Suppose that S fl S' is non- 
transverse to Then since S, S' are transverse to how, then we can assume that S 
and S' intersect transversely. 

Suppose now that two GGS S^,, S' as in the Lemma intersect transversely. Then 
Sa, rtl S' is a hnite number of G^-curve 7* for i = 1,... ,k and by Gorollary [I] these curves 
are contained in a hnite number of leaves of J^^^flSa,, say with Zi G J^““(a:)nSa, 

for i = 1,..., k. 

Let Sj be surface contained in Sj,, containing flSa, and saturate by he., there 

is an interval G contained in and centered in Zi such that 

Si = IJ B^^{z) n Sa, for i = 1,..., fc. 
zeh 


Since Zi ^ Zj, then we can assume that Sj fl Sj = 0 for i 7^ j. 

Note that if B^^{zi) fl Sa, fl A = 0 for some i, then since A is a compact set there is an 
open set Ui containing B’^^i^Zi) fl Sa, and Gj fl A = 0. Therefore, Sa, is subdivided into two 
GGS S{ and S^, such that S^ and S' intersect transversely for r = 1, 2. 

The above implies that, without loss of generality, we can assume that for any i G 
(1,..., /c} there is pi G fl Sa, fl A, (cf. Figure [^. 
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Figure 8 : Separation of GCS 


So, we have the following Lemma. 

Lemma 8 . If and S' are two GCS as in the Lemma which intersect transversely. 
Let 7 i C Sa; n S', 7 j C fl S^, and Sj for i = 1,... ,k as above. Given 5 > 0, 

0 < 5 < ^ with e as in Then there are GCS Sj C Sj containing fl S^., such 

that Sa; is subdivided into 2k + 1 GCS disjoint, including Sj for i G {1,..., fc}. Denoted 
by Tf the complement of the set {Sj}^^;^ in the subdivision above of Sa,, then 

1. 0'^(Sj) n S' = 0 for all i e {1,..., k} and S' fl S = 0 for any S G Sf. 

2. 0 '^(Sj) n 4>^{Tj) = 0 for i ^ j and 0 ‘^(Sj) fl Sa, = 0 for all i E {1,... ,k}. 

3 . A n 0("?’?)(mf(Sa,)) C An (^Ui=i(^0'^(wf(Sj))j U Usesf• 
Proof. 

Given 5 < | small, by transversality we have n Sa,) n S' = 0. Also, 

(j)^{iF[f^{zi} n Sa;) n n Sa,) = 0 for i 7 ^ j. So, by continuity of , for each i there 

is an interval Jj C A C centered in Zi such that the surface 

zeli 


satisfies 0'^(Sj) n S' = 0 for any i and 0‘^(Sj) n 0'^(Sj) = 0 for i 7 ^ j. 

We can assume that for any z G {1,..., /c} there is pi G nSaiHA. Gonsider 

then by Remark]^ we can hnd open sets in+ and V~ in each side of IFiocipf) sufficiently 
close to J^ifciPi) and diameter sufficiently large with Vf^ n A = 0. Denoted by the 
projection by the flow of Vf^ over Sa,, respectively. Therefore, by Remark]^ we can take 
Rj^ such that Vf^ n Sa, C Sj and Vf^, Sj crosses Sa,. Using we can construct the GGS 
Sj such that Sj C Sj and satisfies 1 and 2 of Lemma. 

To prove 3 note simply that 5 < 7 and An 0 ^“ 2 ’ 2 )(mt(Sa;)) = 0 ^“ 2 ’ 2 )(Anmt(Sa;)), which 
is a consequence of A be invariant by the flow. □ 
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Remark 7. Let S" be a GCS as in the Lemma such that fl S" = 0. Taking 5 < 
d{Tix, S"), we have fl S" = 0 for i G { 1 ,..., k}, where Sj as in Lemma\^ 

Now remember (|^ 

i i i 

A C \J<f^-"2’^\tntE,) C 

2=1 2=1 2=1 

In Lemma was proved that the GCS in (|^ can be taken disjoint if all possible intersec¬ 
tions of Sj with Sj are in the hypothesis of the Corollary 

Now we will prove that the GCS in (|^ can be taken disjoint, even if some of them intersect 
transversely. 

Lemma 9. Let Sj be a GCS as in &■ Let Bi = {j : Sj rtl Sj}. Then, Sj can be subdivided 
in a finite number of GCS : s = 1 ,..., m} and for each s there is 0 < 6s < ^ such 
that 

1. 0'^^(S|) n Sj = 0 for any j G Bi and n ) = tb for s ^ s'. 

( m 

Proof. The proof is by induction on ffBi. The case ffBi = 1 is true by the Lemma 
Suppose the statement is true for ffBi < q and we prove for ffBi = q. In fact: 

Let k G Bi, then by Lemma given 0 < 5 < ^, there are a hnite number of GCS 

|e^ C Efc : r G {1,..., rfc}| such that 



/(S^) n Efc = 0, also 0^(E^) n Ei = 0 for any r, E^ n E = 0 for any E G Ef. (10) 


/ J-fc 

An0(-2’i)(mt(Efc)) C An y ( 

>(in«(Ea))u U 1 

(11) 

yr=l 




E^ as in Lemma 


-‘k ■ 


Consider now the set of GCS Ej U {Ej : j G Bi\ {/c}} U |0‘^(E^) : r G {1,..., rfc}| U E 
For this new set of GCS, we have ffBi < q. Therefore, by the induction hypothesis, the 
Lemma is true for {Ej : j G R* U {i} \ {k}} and by (10) and (jlTj) we have the Lemma. □ 


Remark 8. Let Ep be a GCS as in ® such that Ep fl Ej = 0. Then by Remark^ 6s 
can be taken less than d{Ti, Ep). So (^"(E®) n Ep = 0 for any s G {1,... ,rn}, E| as in 
Lemma 0 


i 


Let Ej be GCS as in ( 8 ) where A C y 




2=1 


intersections of intijffj with intifPj) are as in 


(mf(Ei)). We can assume that the possible 
Corollary or transverse. Then, 
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Lemma 10. There are GCS Sj such that 


m{l) 

Ac [J 

i=l 


with Sj n Sj = 0 . 

Proof. If all the possible intersections are as in Corollary [T| the result follows from Lemma 
Then, we can suppose that there is i, such that Bi = {j : Sj rfi Sj} ^ 0. Without loss 
of generality, assume that Bi ^ 0. The proof is by induction on / in ([^. 

The Lemma implies the case I = 2. Suppose true for k < I and we prove for k = 1. In 
fact: 

Fix El, call Ti = {j : Tj intersect Ei as in Corollary }. Then by statement 2 in the 
proof of Lemmathere is 0 < 5 < ^ small, such that 0^(Ei) fl Ej = 0 for any j E Ti. 

Consider now the GCS ^'^(Ei) as in Lemma]^ Let still call Bi = {j : ^'^(Ei) rh Ej}. Then 
by Lemma 1^ 0‘^(Ei) can be subdivided in a finite number of GCS {E^ : s = 1,... ,m} 
and for each s there is 0 < ^ such that holds 1 and 2 of Lemma Also by Remark 

[^we can assume that 0 '^^(E^) ft Sj = 0 for any s G { 1 ,..., m} and any j E Ti\ {!}. 


Now take the set {E^ : j E Ti \ {!}} U {E^ : k E -Bi}, as # (Ti \ {1} U Bi) < I, then by 
the induction hypothesis there are GCS E*, Ej fl Ej = 0 for z 7 ^ j, such that 


An U 


n{l) 


0-(iG)(OTf(E*))) c An 


i=2 


( 12 ) 


Since 0'^''(E®) n E^ = 0 for any j G Ti U Ri \ {1} and any s G {1,. .., m}, then the E^ may 
be taken such that n E* = 0 for any s G {1,..., m} and any z G {2,..., zz(/)}. 

So, by 2 of Lemma and (12) we have that 

i / i 

A = A n IJ 0-(2G)(inf(Ej)) C A n IJ U (zzzf(0'^(Ei))) 

j=i Vi=2 

= A n I IJ 0 (- 2 ’ 2 )(wt(Ej)) U J 0 (- 2 ’i)(mf(E^)) U (mt( 0 ^(Ei))) 

\j&Bi ieri\{i} 


'n(l) 


c 




i=2 


s=l 


This concludes our proof. 

□ 
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3.4 Global Poincare Map 


Let 7?.: S —)■ S be a Poincare map as in the section 3.1.1 with S = {Ei,..., where 
Ej are GCS and Ej n E^ = 0 for i ^ j. Since the GCS {Ej}j are pairwise disjoint, then 
without loss of generality, sometimes we denote also H = lJi=i 

We will show that, if the cross-section of H are (5-Good Gross-Section (GGS), we have the 
invariance property 


7^'^(W'*(a:,E)) C E'), 


for some n sufficiently large. 

Given E , E' G S we set E(E')„ = {x G E : Tl^{x) G E'} the domain of the map from 
E to E'. Remember relation (|^ from the proof of proposition the tangent direction to 
each iy^(x, E) is contracted at an exponential rate \\DTZ'^{x)el\\ < with C = ^ 

and 13 = — log A > 0. Suppose that the cross-sections in E are 5-GGS. Take n such that 
tn{x) > ti as in proposition with ti satisfying 


sup {l{W^{x, E)) : X G E} < (5 and < i, (13) 

where /(lW^(x, E)) is the length of lT®(x, E). 

Lemma 11. Let n be satisfying the above. Given 5-Good Gross-Sections, E,E' G {Ei}j. 
Ifn^: E(E')n ^ S' defined by n^{z) = Then, 

1. 7l"'{W^{x, E)) C lT'*(7?.”(x), E') for every x G E(E')„, and also 

2. d{TZ^{y),TV^{z)) < \d{y,z) for every y,z G hP^(x, E) and x G E(E')„. 


We let {Gs, : z = 1,...,/} be a hnite cover of A, as in the Lemma 10 where Ej are GGS, 
and we set T 3 to be an upper bound for the time it takes any point 2; G Us- to leave this 
tubular neighborhood under the flow, for any i = 1,... ,1. We assume without loss of 
generality that ti > T 3 . 

Let ti be as in equation (13) and consider TZ"^. If the point z never returns to one of the 
cross-sections, then the map TZ is not dehned at z. Moreover, by the Lemma [T^ if TZ^ is 
dehned for x G E on some E G S, then TZ is dehned for every point in W^{x, E). Hence, 
the domain of 7?.”|E consists of strips of E. The smoothness of (t,x) —> (jf{x) ensure 
that the strips 


E(E')„ = {x G E : 7^''(x) G E'} 

have non-empty interior in E for every E, E' G S. Note that TZ is locally smooth for 
all points x G infE such that TZ{x) G int{E), by the Tubular Flow Theorem and the 
smoothness of the how, where int{E) = Denote d^E = for j = s,u. 

Lemma 12. The set of discontinuities of TZ in E \ {d‘^E U d'^E) is contained in the set of 
point X G S \ {d^E U d^E) such that, TZ{x) is defined and belongs to {d^E U d^E). 

Proof. Let x be a point in E \ ((7®E U d'^E) for some E G 5, not satisfying the condition. 
Then TZ{x) is dehned and TZ{x) belongs to the interior of some cross-section E'. By the 
smoothness of the how we have that TZ is smooth in a neighborhood of x in E. Hence, 
any discontinuity point for TZ must be in the condition of the Lemma. □ 
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Let Dj C Ej be the set of points sent by TZ’^ into stable boundary points of some Good 
Cross-Section of S, if we define the set 


Lj ^ {W‘(x,Ei) : X € D,} , 


then the Lemma 11 implies that Lj = Dj. Let Bj C S,- be the set of points sent by TU' 


into unstable boundary points of some Good Cross-Section of S. Denote 


= IJ W^{x, Ej) U Bj and L = (J L^- U U d^E). 

x^Dj 


Then, TZ"^ is smooth in the complement S \ L of L. Observe that if a; G Dj for some 
j G {1 ,...then 

TZ^{W\x,Ej)) C d^E' for some S' G S. 

We know that = 0, then TZ'^{W^{x, Sj))nA = 0. This implies that W^{x, Sj)nA = 

0 for all X & Dj. Moreover, if x G Bj, then TZ^{x) G 5“S' for some S' G S, we know that 
d^E n A = 0, this implies that BjnA = 0. Therefore, T^- fl A = 0 for all j G {1,..., so 
T n A = 0. Thus, if X G A n S, then 7Z"‘{x) is dehned and 7?."(x) G int{E). 

Let X G AnSj, then x G Sj \ {Tj U d'^Ej U d^Ej) and TZ"'{x) is dehned and TZ^{x) G SjOA 
for some i G {1,...,/}. The above implies that A fl S is an invariant set for JZ^ and by 
Proposition [T| A O S is hyperbolic set for TZ'^ and since A fl S is invariant for 7Z, then 
A n S is hyperbolic for 7Z, and 

i 

Ansc f|7^-''(lJs,). 

nGZ i=l 

3.5 Hausdorff Dimension of Hyperbolic set of IZ 

Now we are going to estimate of HD{A fl ULi ^*)- 
Lemma 13. The set A satisfies 

i i i 

A C [J ■#.'( fl 7J-”(A n IJ E.)) = [J U U 

ieM nez i=l teIR i=l teM nez i=l 

Proof. Remember that A C lJi=i where Ui = Let z ^ A, then there is 

tz such that z = 0*"^(x) with x G intiEg) for some s. This implies that x G A fl 1J!=i 
and 7Z{x) G int{Ej) for some j, so lZ{x) G int{E). Analogously, lZ^{x) G int{E), i.e., 
7?."(x) G A n S for all n G Z. Hence, x G fl (lJi=i^*)); therefore z G 

•#-‘-(n„MK-”(An(UUEi))). □ 

Lemma 14. The Hausdorff Dimension o/Afl (lJi=i flnez satisfies, 

HD Ei) j >Hd(ap (IJ Si) j > HD{A) - 1 

\nEZ 1=1 / \ i=l / 

and thus HD{A fl (1 J!=i ^i)) ~ 2. 
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Proof. Take a 6z-infinite sequence 


• • • i—k ^ ^ to ^ ‘ ‘ ‘ tk ' 

such that \tk — tfc+i| < a with a is very small, then 

A c n (UL, S,)) := Ut“ oo At 

since HD{A) ~ 3 and HD{A) < supg. HD{Ak). Then there exists ko such that 

HD{Ak,) ~ 3. 

For a very small, the map 

■. n Si)j X [tk,tk+i] —t Ak dehned by 
{x,t) I— xf^x) 

is Lipschitz. We see this since = 0/(An(uLisd)x[4,4+i] a 

diffeomorphism, for \tk+i — tk\ < a and a very small. Therefore, HD{A) ~ HDi^Ak^) < 
HD (^(^A n 1 J!=i Si) X [4o, 4o+i]) • Call 4^ = [4o, 4o+i]> we have the following inequality 

HD (Anljs,) x4o) <hd (Anljs,] +D{Ik,), 


i=l 


i=l 


where D is a upper box counting dimension of Ik^, is easy to see that D{Ikg) = 1 (cf. 
|Fal85j b Thus, 

HD{A) ~ HD ||(A n IJ S,) X 4o j < HD (^An jj +D(4o) = HD (^An jj j +1. 
Hence, HD{A n US=i S*) ~ HD{A) - 1 ~ 2. □ 


4 Markov and Lagrange Spectrum For Geodesic Flow 

Let Af be a complete noncompact surface M such that the Gaussian curvature is bounded 
between two negative constants and the Gaussian volume is hnite. Let 0 be the vector 
held dehning the geodesic how. In this section we prove that the dynamical Lagrange and 
Markov spectrum has interior non empty, for vector held and geodesic how close to 0. 

4.1 The Interior of Spectrum for Perturbations of 0 

The objective of this section is to prove the following theorems. 

Theorem 1. Let M be as above, let 0 be the geodesic flow, then there is X a vector field 
sufficiently close to 0 such that 

intM{f,X) 7 ^ 0 and intL{f,X) 0 

for a dense and C^-open subset U ofC‘^{SM,'R). Moreover, the above holds for a neigh¬ 
borhood of {X} xU in A^{SM) x G^(S'M, M), where A^{SM) is the space of vector 
field on SM. 
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Theorem 2. Let M he as above, let 0 be the geodesic flow, then there is X a vector field 
sufficiently close to 0 such that 


intM{f o vr, X) 7 ^ 0 and intL{f o tt, X) 7 ^ 0 

/or a dense and C'^-open subset V o/C'^(M, M). Moreover, the above holds for a neighbor¬ 
hood of {X} X V in X^{SM) x C^(M, M), where X^{SM) is the space of vector field 
on SM. 


To prove this theorems we use the results of section ^ and |MR,nl3j and a construction 


for obtain the property V (cf. section 5.5 and [MYOl 


In section it was proven that there are a hnite number of C^-GCS, Ej pairwise dis¬ 
joint and such that the Poincare map IZ (map of hrst return) of 5 := Sj 


n-.E^E 


satishes: 

• hyperbolic set for TZ. 

• HD (A) ~ 2. 

We can assume without loss of generality that the GCS Sj are G“-GGS. 


4.1.1 The Family of Perturbation 


Now we describe the family of perturbations of TZ for which we can hnd the property V 


(cf. subsection 5.5 and |MY01j h Let i? be a Markov partition of A = OnezTZ ""(S). 

Is selected once and for all a constant Cq > 1. For all 0 < p < 1, then we denote R{p) the 
set of words a of R such that Co“^p < !/(«;)| < Cop. We consider a partition Ri of A in 
rectangle whose two sides are approximately sized A rectangle denotes here a part 

of A consisting of points with itinerary prescribed for a certain time interval; a word of 
R, which prescribes the route is associated with said rectangle. Among the rectangles on 
Ri preserves only those for which no word in R{p^) appears no more than once in the 
associated word. Galled Ri the set of associated words. 


For each a G denotes R{a) the associated rectangle; construct a vector held Xa having 
the following properties: 

• On R{g), Xa is constant, the size of the order of approximately directed the 

unstable direction; 

• Xa is the size p^/”* in the G™/^-topology. 

Glearly, the condition latter ensures that time one of the how of X is, if m is large and p 
small, in a neighborhood of id^ beforehand prescribed in G“-topology. 
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We equip = [—1, +1]^^ the normalized Lebesgue measure; for w&Q. Let 

= -cx'^w{a)Xa, 

a 

where <h— denotes the time one of the flow X^- Note that the “sum” in the definition of 
Xw has at each point of IJ R{a) at most one nonzero term. 


4.1.2 Realization of the Perturbation 


In |MY10j was proven that for cx large enough, appropriately chosen, there are many 


parameters w such that (7l—,A^) has the property V (cf. subsection 5.5), where 
the continuation of the hyperbolic set A for TZ—. 


IS 


Lemma 15. Let TZ be as above, w G 12 and the vector field then there is a vector 
field Gw sufficiently close to such that TZ— is the Poincare map, (map of first return) to 
E by the flow of Gw- 

Proof. The argument is made on the P{a) with P{a) G i?i. Fix w G 12 = [—1, +l]^b 222 = 
(w(a))agiji. Then, on sufficiently small neighborhood of P{a) in S is dehned the vector 
held —Gxw(a)Xa := Fa- Now we can extend this vector held in a neighborhood of P{q) in 
SM as follows: Suppose that R(a) C S G S. Let fia> 0 such that 0*(14)n(S\Ej) = 0 for 
all t G [0, fia), where 14 T) i?(a) neighborhood of R{a) in E and such that W is dehned and 

14 = 0 in S\14. Put 14 := (14) a neighborhood of i?(a) in SM. This neighborhood 

can be seen as 14 x [0,/da)- Dehne the vector held 14 on 14 by Ya{(j)^{z)) = DfiliYa^z)). 
Let ipa be a smooth real function dehned in 14 x [0, fig) such that 

r 1 in 14 X [0,1); 

V?a = < 

[ 0 in VgX[^, fig) 

Put the vector held Zg = (pgYg dehned in 14 x [0, fig). Note that by dehnition 

Za = 0 in Ex [0, fig) \ Vg X [0, fig/2). (14) 


We will describe the relation between the diheomorphism of time one of Za say ^Za and 
the diheomorphism of time one of 14; say <hY-^ in 14- In fact: 

Let 0 < P < z ^ Vg, take a{t) an integral curve of the vector held 14 with a;(0) = x 
contained in 14- Then we consider the curve rj/t) = cfi°{a{t)). Therefore, as ipa{v{t)) = 1, 
we have 


= y (.^‘"(a(())) = U(t)(()) = M'dlit)) = Za(’/(t)). 

So, we have the following equation 

(trM) ■ 
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(15) 






Varying to G [0, and differentiating the equation (15) with respect to to, implies 


(0(0*(^))) = 0 (0* for ^ e Va, 

where 0 is the vector held dehning the geodesic how. Note that ^Za = ‘^Va on 14, call 
ha '■=^Za- Then 


D((/)((/)*(z))) = (/)((/)*(ha(z))) for (^, t) e 14 x [0,0^/4). (16) 


Dehne the vector held Ga(x) = {(j){ha{x))) for x E Va, then by (15) and (16) 

we have 

Gg{x) = 0(a;) for any a; e 14 x [O,0a/4). 


And by (14) 


Ga(x) = 0 (x) for any x G S x [ 0 , 0 a) \ 14 x [ 0 , 0 a/ 2 ). 


These last two relations implies that Ga is a smooth vector held that coincides with 0 
outside of 14 X [^, ^). 

Let 0(t) be the geodesic 0* {ha{z)) with z EVa, dehne a(t) = h~^{(3(t)), then 


a'{t) = {Dh^)-l^{/3\t)) = {Dh^)-l^^{mt))) 

= ihaia{t)))) = Gaia{t)) 

this a{t) is an integral curve of Ga in z. 

Since Ga = (p outside of neighborhood of 14 x [^, ^) in SM, then the integral curve of 
vector held Ga passing by 2 ; coincides with the orbit of geodesic how of ha{z) outside of 
neighbourhood 14x [^,^) of in SM. 

In particular, denoting TZg^ : S —)■ S the Poincare map of vector held Ga, we have that if 
G R{a) and ha{z) E {R{a)) then 

{Roha) (z) =RgJ2:). 


Now for each R(a) E Ri we can assume that suppYa := {x : Ya{x) 7 ^ 0} the support 
vector held 14, are pairwise disjoint. So for each R{q) E Ri the vector held Gg, can be 
constructed such that the sets supp^Ga = {z E SM : Ga(z) 7 ^ ((>{z)} are disjoint. Dehne 
the smooth vector held 


than satishes TZ— 


Gg,{z) = 


Ga{z) if Z E SUpp^Ga, 
(j){z) otherwise 


7 ^ 0 $— = 7^g„, where R-Gu, ^^e Poincare map of vector held G^. 


□ 


Remark 9. Note that since Xa is small size, then taking (3a sufficiently small. Then Ga 
can he constructed close to 0. Therefore G^ is close to 0. 
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4.1.3 Combinatorial Arguments 


The following Lemma is combinatorial and will be used to show the Lemma 17 


Lemma 16. Let A = (ajj)i<jj<„ he a matrix such that G {0,1} for any i, j and 
\{{i,j) : ttij = 1}| > then tr{A^) > (|)^ for all k > 2. Moreover, there is a set 

Z C {1,2,... ,n} with |Z| > ^ such that, for any k >2 and any i,j G Z, we have 


> 


4 

5 



■ n 


k-l 


Remember that ii B = is a square matrix, then tr{B) = denotes the 

trace of B. 


Proof. There is X C (1, 2,..., n} with |X| > such that, for any i E X, 

|{j < n : Qij = 1}| > 1^. Indeed, if there are more than lines in the matrix, each with 

2 

at least ^ null entries, then the number of null entries of the matrix is greater that 
and so \{{i,j) : a^- = 1}| < — ^ = which is a contradiction. 

Analogously, there is F C (1, 2,..., n} with |F| > such that, for any j G Y, 

\{i < n : Oij = 1}| > 1^. Let Z = X fl F; we have i^i ^ — 5 

then 

9n 9n An 


^1 > ^ + l-n= f. Ifz,j G Z, 


n 

{A )ij = ^ ^ OirOrj = ^ ^ 


r=l 


r&AinB. 


aifOrj \Ai n Bj I^ T n , 
10 10 5 


where Ai = {j < n ■. aij = 1 } and Bj = {i < n 
if i,j G Z, then 




= 1}. We will show by induction that 


4 /3 \ 

^ 5 ( 5 ] ■ for all k>2. 

In fact, the case k = 2 was proved above and, given k >2 for which the statement is true, 
we have 




> 


n 

^ ^ (-d )ir ■ (^rj P ^ )ir ' Cirj P |Z \ {r G Z Oj-j 

r=l reZ 



n \ 4 

Toy 5 





■ n 


k-l 


since |{r G Z : a^j = 0}| < 
Thus, for all A; > 2 


tr{A'‘) > 

iez 


An 4 

> - 

-55 





□ 
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Remark 10. Suppose that the matrix A as in Lemma 16, is the matrix of transitions 


for a regular Cantor set K with Markov partition R = ,-Rn} defined by an 

expansive map tjj satisfying C~^/e < < C/e^x G for a suitable constant 

C (with logC loge“^j. From Lemma 16 we get a set Z of indices with jZj > Fix 


indices i,jEZ such that ajj = 1. Consider a Markov partition for corresponding to 
the words in the set 


X = {jrir 2 ■ ■ ■ rki : Vi < n and = a ,.,^2 = • • • = = !}• 


By Lemma 16, |X| = > | since ajj = 1 any transition between 

two words mX is admissible. 

Consider the regular Cantor set 

K := {aia2a3 ... |aj G X, Vi > 1} C K. 

Take k large. We have this implies that 


rir2 

k 


N\k 


HD{k) > 


Mil 

C\k+‘i 

e . 


log (f ) 


k logn-log 2 _ logn _ . logn 

k + 2 logC' —logs ^ log(£“^) ^ log(C“^/£) 


> 


> (1 - o{l))HD{K). It follows that HD{K) ~ HD{K) 


logn 

log(£-i) 


The following Lemma says as is the behaviour of the horseshoe A when it is intersected 
by a hnite number of C^-curves. 

Lemma 17. Intersection of curves with A 

Let a = {a, : [0,1] — ?• S,i G {l,...,m}} be a finite family of C^-curves. Then for 
all e > 0 there are sub-horseshoes A^, A“ of A such that A^’“ fl ai([0,1]) = 0 for any 
i G {1,..., m} and 

HD{Kf) > HD{K^) - e and HD{K^) > HD{K^) - e, 

where are regular Cantor sets that describe the geometry transverse of the un¬ 
stable foliation hL“(A^), 1T“(A) respectively, and are regular Cantor set that 

describe the geometry transverse of the stable foliation 1T^(A“), IT'^(A), respectively (cf. 


subsection S.f) 


We will prove this result for the stable Cantor set. For the unstable Cantor set the proof 
is analogous. 

Before starting the proof of the Lemma we introduce some dehnitions and remarks. 

Let us £x a Markov partition i? of A as above and a point p G A. Given R{g) G R for 
a = (ajj, • • • , denote |(ai^, • • • , aj^)| the diameter of the projection on of R{g) by 


the foliation (cf. the construction of K^{p) in the subsection 5.4 at the appendix). Fix 
Or, ttg such that the pair (a^, a^) is admissible. Let e > 0, we have the following dehnition. 
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Definition 2. A piece ( 0 *^, ■ • • , a^) (in the construction of K^) is called an e-piece if 


|(ai,, • ■ ■ ,aij| < e and \{ai^, ■ ■ ■ ,a 4 _J| > e. 

Put 

Xe = {e-piece (0*^, • • • , a^J : ii = s and ik = r} = {^i,..., On}- 
Notice that OiOj is a admissible word for every i,j < N. We define 

K(X.) := \e,, € A'., Vi > 1} c K‘. 

Notice that N ~ 6“'^" where dg = HD{K^), and so HD{K{Xf)) is close to HD{K^) 
provided e is small enough. 


Dividing the curves in smaller curves if necessary, we can assume that the finite family a 
is formed by curves that are graphs of C^-functions of ly^(A) on iy“(A) or from hP“(A) 
on ly^(A). 


Denote by the interval associated with 6i in the construction of K^. There is a constant 
C > 1 (which depends on the geometry of the horseshoe A, but not on e) such that 

C-^e<\h^<Ce. 


For each with 9i = • • • , 0 *^.), we associate the interval IL corresponding to the 

transposed sequence 6\ = (a^, • ■ ■ , J in the construction of (unstable Cantor set) - 
by an abuse of language, we will say that the interval Igt is the transposed interval of Iq. 
(and vice-versa). Then, since A is horseshoe there exists /3 > 1 (which depends on the 
geometry of the horseshoe A, but not on e or k) snch that 


Remark 11. In the conservative case (i.e. when the horseshoe is defined by a diffeomor- 
phism which preserves a smooth measure), the above inequality holds with (3 = 1. This 


will be useful in the section 4.2.2 


Proof of Lemma 1171 

- First case . (Graph of a G^-fnnction from hF®(A) on 1F“(A)). In this case, consider the 
image P of Ig. by this fnnction. Then C and e can be taken such that |P| < C^e. Let P', 
the smallest interval of the constrnction of containing P. Then, if J G W^{A) is the 
transposed interval of P', we have | J| < (G^e)^/^. Then 


#{Ig^ : Ig^ CJ}<C 






Thus, 

#{(4,/h) : 4 X IL intersects the curve} < 

l Uj l Uj 


^^ds{l/^—2) ^—2ds 
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- Second case . (Graph of a G^-function from fh“(A) on fh^(A)). In this case, consider the 
image J' of Jh. Then, \J'\ < c|Jh| < c(Ge)^/^, (J' is the image of IL by a G^-function), 
so we have analogously 


#{4 : 4 C J'} < Ge"^(V/3-i). 

And 

#{(4,/'0 : 4 X 4 intersects the curve} < = Ge'^di//3-2) ^ 

Note that ~ N‘^ = total number of transitions 6i6j. 

We say that 6u6v is a prohibited transition iff some curve of the family a intersects the 
rectangle hjj x 

Consider the admissible word OiOjOkOs with 9i,9j,9k,9s G X^. This word generates an 
interval of size of the order of in the construction of if®. 


We say that 9i9j9k9s is a prohibited word, if within there is a prohibited transition 9u9v 


0i Sj ds 


p eydv /3 

Denote by PW the set of the prohibited words 9i9j9k9s- We want to now estimate |PW|. 
In fact: |/p||4| ~ ~ 2“^"', then there is f < 2?7, such that \Ip\ ~ 2“* and |4| ~ 2*“^”'. 

Thus, ~ (2“*)“'^'’ = 2^^^“ and #{//?} ~ Therefore for some 

constant G > 1 (as in the hrst part of the proof), we have that 

\PW\ < C ■ (2n) ■ < 2Gloge"^e'^"(^/^"^^ < 

the last inequality follows from 2G(log -C 1. 

Then, the total of prohibited words 9i9j9k9s is much less than ~ the total 

number of words 9i9j9k9s- 

Consider A = {a(^i^j)(k,s)) for (q j), (A:, s) G {1,..., NY the matrix dehned by 

{ 1 if 9i9j9k9s is not prohibited; 

0 if 9i9j9k9s is prohibited for some 9u9v. 

Put 9ij = 9i9j for i, j < N. Dehne K the regular Cantor set 

K '■= ■ ■ ■ l®(4jfc)(4 + l j'fc + l) = 1, VA; A 1} C iP . 

By the previous discussion we have #{a(jj)(A;,s) : a{i,j)(k,s) = 1} A so by the 

Remark [l^ we have HD{K) ~ HD{K{X^)) ~ HD{K^). Consider the sub-horseshoe of 
A dehned by 
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U (B(4)nK-'(fl(4,)) 

where R{ 6 ij) is the rectangle associated to the word 9ij. 

Then the stable regular Cantor set describing the transverse geometry of the unstable 
foliation iy“(A®) is equal to K . Then by the above discussion we have that 

and by definition of A® we have that A® fl Oj = 0, Vi < m. This concludes the proof. □ 



4.1.4 Regaining the Spectrum 

Given F e we can define the function maxF^ : S —)■ M by 

maxFAx) := max Fid/'ix)) 

^ t-{x)<t<t+(x) 

where f_(a;),f+(x) are such that lZ~^{x) = (f)^-^R{x) and TZ{x) = 


Note that this definition depends on the geodesic flow (j)^, or equivalently the vector field 
(j). Note also that maxF^ is always a continuous function, but even if F is C°°, maxF^ 
can be only a continuous function. In what follows we try to give some “differentiability” 
to maxF^ at least for F G M) (see Lemma 18). 


Consider the set 

O = {F e C°°{SM,'R.) : maxF^{x) = F{(f)^^^\x)) and t_{x) < t{x) < t+{x) for all x G D-ji} , 
where Dti is the domain of TZ. 

Is easy to see that the set O is open and dense subset of 


Remark 12. Let x G int{T,) with S G S such that TZ{x) = (jLRR{x) G int{E), by The 
Large Tubular Flow Theorem, there exists a neihgborhood Ux FT of x, a diffeomorphism 
(f: Ux X {—e,t+{x) + e) —)■ (p{Ux x {—e,t+{x) + e)) C SM such that D(p(^z,t)i0,0,l) = 
(j){ip{z,t)) for {z,t) E Ux X (—e,f+(x) + e). Moreover, as the elements of the Markov 
partition are disjoint, has small diameter and A is compact, then, we can suppose that 
there is a finite number an open set Uxi such that f/a,. fl = 0 and A C [J Uxi for some 
Xi G A. Denote (pi \ Ux^ x (— e, f_|_(a;j) + e) — )■ </?* (14. x (— e, f_|_(a;j) + e)) C SM such that 

(^V^i)(^,p(0,0,l) = 0((pi(z,f)). 

Remark 13. Let F G O, consider the function f{xi,X 2 ,Xz) = Fo(pi{xi,X 2 ,x^), we want 
to see the behaviour of the critical points of F o Lpi\^z}x{-t,t+{z)^e) ■ Let 5 be small regular 
value of ^{zi, Z 2 , zs), then fs{xi,X 2 ,X 3 ) = f{xi,X 2 ,X 3 ) — 6 x 3 has 0 as regular value, 

so (0) := Ss is a surface. We want that this surface does not contain an open 

consisting of orbits of the flow. Observe also that if (0,0,1) G T^Ss for z = (zi,Z 2 ,Z 3 ), 
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then D (0,0,1) = 0, this implies that ^ (z) = 0 so, z G |x : j^{x) = o|. 

Thus, {z,tQ) is the critical point of fs\{z}x{-e,t,,+e), then {z,to) G Ss- Moreover, if {z,to) is 
degenerate, then (0,0,1) G T^Ss- 


Lemma 18. There exists a dense B^j, C C'°°(S'M, M) and C'^-open such that given /? > 0, 
then for any F E there are sub-horseshoe of A with HD{Kf) > HD{K’^) — ft, 
HD{K'f) > HD{K'^) — ft and a Markov partition of Ap^, respectively, such that the 
function G C^{ 




where Kp'^, 


as in Lemma 


11 


Proof. We prove the Lemma for Ap, for 


is analogue. Let F G C°°{SM,M.) and 
/ = Foipi as above, with Ui C S, we want to perturb / by a fs{,xi, X2,X‘i) = f{xi, X2,x^) — 
5x1 


— cx'i such that 
2 ^ 

transversely and put 


: = 0| and : ^p^{z) = 0 !> are surfaces which intersect 


dfs 


Js{xi) ■=<z: —{z) = 0 ^ z : -^(z) = 0 


dx. 


SVj 


dxl 


(17) 


In fact: 

Let 5 be small regular value of 


so < z : 


. - 


dxi 


z) = 0 ^ := S'^ is surface for all c G 


Therefore, consider the function — 5x3^ ^ — 6x3 restrict to Ss- Thus taking 

c small a regular value of — 6x3'^ we have that fs satishes (17). Therefore, by 


Remark 


13 


the surface <j 2; : (2;) = 0 [> does not contain an open consisting of orbits of 


the flow, oall tta,. the projection of curves Jsfxf) along of the flow on S. Thus, considering 
the hnite family of curve a := {eta,.}, then by Lemma 17, given ft > t] small there is a 
sub-horseshoe A„ such that 


HD{Kf) > HD{K^) - fd and A„ n = 0. 

For X G Aq, holds that the critical points of fs\{x}x{-e,t+{x)+e) are non-degenerates and 
therefore hnite. Thus, the critical points of fs are locally graphs of a hnite number of 
functions ifj, that is, are locally {{xi,X2,'ifj{xi,X2))]l < j < k}. Since we want the 
function maxfs be C^, we have to rid of the points (xi, X2) such that for i ^ j 

f5{xi,X2,i)i{xi,X2)) = fs{xi,X2,'tfj{xi,X2)). 


In fact: 

Let gij{xi,X2) = fs{xi,X2,ifi{xi,X2))-f5{xi,X2,'ifj{xi,X2)) for j 7^ 1 and let 71 > 0 small 
regular value of gij for all j 7^ 1. Take .^1 a C^-function close to the constant function 
0 and equal to —71 in neighborhood of {z = ifi{xi,X2)} and 0 outside. So, the function 
fs + is close to fs- Now we dehne the function 

9 TjixuX 2 ) = ifs + ^i)ixi,X2,fJi{xi,X2)) - {fs + ^i)ixi,X2,i>j{xi,X2)) = fi-lj(a^i,Xa) - 71- 

Put /i := fs + ^i and dehne g2j{xi,X2) = fi{xi,xi,'if2{xi,X2)) - fi{xi,X2,'ifj{xi,X2)) for 
j 7^ 2 and let 72 > 0 small regular value of g2j for all j 7^ 2. Take ^2 a C^-function close 
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to the constant fnnction 0 and eqnal to —72 in neighborhood of {z = X 2 )} and 0 

ontside. So, the fnnction /i + ^2 is close to fs. Now we dehne the fnnction 

g2j(Xl,X2) = (fl+^2)(Xl,X2,i’2(Xl,X2)) - (fl+^2)(Xl,X2,ijj(Xi,X2)) = g2j(Xl,X2) “ 72 . 

Indnctively, dehne fs-i = fs-2 + and 


gsj{Xi,X2) = fs-l{,Xi,X2,'lps{,Xi,X2)) - fs-l{xi, X 2 , ilj{xi, X 2 )) 

for i 7 ^ s. Let 7 s > 0 small regnlar valne of gsj for all j ^ s. Take ^s a C“-fnnction close 
to the constant fnnction 0 and eqnal to — 7 s in neighborhood of {z = %Ijs{x\,X 2 )} and 0 
ontside. So, the fnnction fs := fs-i + Cs is close to fs. Now we dehne the fnnction 


g]j{xi,X2) = fs{xi,X2,'ips{xi,X2)) - fs{xi, X 2 , iIj j{xi, X 2 )) = gsj{xi,X2) - 7s. 
Therefore, for each s = 1,..., fc — 1, we have that Ts := are a hnite nnmber 




k-l 


of cnrves in t/j C S. So, consider of hnite family of cnrves r = U{r s}, then by Lemma 


S=1 


17 there is a snb-horseshoe Ap of Aq snch that 


HD{K^) > HD{KI) -(3> HD{K^) - 2(3 and Ar n T = 0. (18) 

Consider the fnnction fs + where := + ■ ■ ■ + ^k-i, then if I < j, we have 


{fs + i^''"){Xi,X2,'fj{Xi,X2)) 

(/<5 + 6 H- V ij){.Xi,X2,'fj{xi,X2)) 

Us + il H- y ij){.Xi,X2,'fj{Xi,X2)) 

Thns, if {xi,X 2 ) € Ap, then 


{f 6 + i'''''’){Xl,X 2 ,'fl{Xi,X 2 )) = 

(/<5 + 6 H- V il){,Xi,X2,'llJl{xi,X2)) = 

(/(5 + + ■ • • + 6 + ■ ■ ■ + X2, ifliXi, X 2 )) 

gJl{Xi,X 2 ). 


{f& + i''''"){xi,X 2 ,'fj{xi,X 2 ))^{fs + i'"'"){xi,X 2 ,'fs{xi,X 2 )) for all j ^ s. (19) 


As the tnbes f/j x (—e, f+(a;j) + e) are disjoint and each is dehned a fnnction fs + close 
to f = F o Lpi. Then we have dehne a fnnction G E O C C°°{SM, M) close to F, with the 
following properties: 

-G = on UiX{—e, t^i+e) and G = F ontside of neighborhood of U (Ui X (-e,4(xi) + e)). 


-Take a Markov partition i?p of Ap with diameter small, then maxG^l’znRr is a G^- 
fnnction. 


The above is simply to observe the construction of G, and inequality (19), than implies 
the critical point of G|{a;}x(-e,t+(a;)-i-e) is a unique point for x E i?p. Since G E O, we have 
the second item. Note also that by construction of G, we have that 


dG 

dxs 


{Xi,X 2 ,'lpk{Xi,X 2 )) 


0 and 


d^G 

dxl 


{Xi,X2,'llJk{.Xi,X2)) 7 ^ 0 


in 


Ui n Rr. 
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And this condition implies that, if H is close to G, then there exists ipk C^-close to 
ipk and such that holds 


dH ~ d^H ~ 

— {Xi,X2,'lpk{Xi,X2))=Qimd-^{Xi,X2,'lpk{Xi,X2 ))^Q ill H i?r- 
3 *^3 

This last condition implies that there is a single maximum of -ff|{(xl,x 2 )}x(-e,i+(a;l,x 2 )+e)• 
Thus is a C'^-function. □ 

Keeping the notation of the previous Lemma we have: 


Corollary 2. The above property is robust in the following sense: If X is a vector field 
-close to (j), then = Bx and for any F G Bx, holds that maxFx G fl Rp^^R). 


Proof. As time f+(x) the time of return of a: G S to S by the flow 0 is bounded, then X 
is a vector field sufficiently C^-close to 0, we have that for x G S the orbits 0*(x) and 
X*(x) of the vector field 0 and X by x respectively, are close. 

Let (p, (p be diffeomorphism given by The Large Tubular Flow Theorem (for 0 and 
X, respectively, as above). Let F G C°°{SM, M), then Foip^ Foip are C'^-close. Moreover, 
^Fo(p{x) = DF^(^^)D(p^{0,0, 1 ) = L)F^(^)( 0 (v 3 (x))) and ^Fo 0 (x) = 0 , 1 ) 

= DFp(^x){X{(p{x))). Since 0 is C^-close of X, then F o (p\{(xi,x2)}x{a,b) is C^-close of 

F ° ‘p\{{xi,X2)}x{a,b)- 


Suppose that F G B^, then by Lemma 18 there is a sub-horseshoe Ap oi A and 
Markov partition Rp of such that maxF^lsnijj. is Ch Thus by construction in proof 
of Lemma 18 we have that rnaxFx\'EnRF is C^- Cl 


The Lemma 18, has a version for functions in C^(M, M), in fact: 


Lemma 19. There exists a dense C C°°(M,M) and C'^-open such that given (3 > 0, 
then for any f ^ there are sub-horseshoe of A with HD{Kj) > HD{K^) — (3, 


HD{Kf) > HD{K'^) 
function max{f o 


— [3 and a Markov partition R^f'^ of Aj“ 
e n where K 


respectively, such that the 
as in Lemma 


17 


The proof of this lemma (at least the first part) is slightly different from the proof of 
Lemma 18, since the perturbations are made in M and not in SM. 


Before to prove this lemma, we prove some auxiliary lemmas. 

Remark 14. As A is a hyperbolic set for TZ, then the set of fixed points is finite. Thus, 
removing the A these fixed points, we still have a sub-horseshoe (we still call A) with 
almost the same Hausdorff dimension. 

Lemma 20. Let U be an open set in SM such that UD U {0*(x,n) : t G (0,4(x,'i;))} ^ 

0, then there exists a dense Cp C C“(M, M) and C'^-open such that given (3 > 0, then for 
any f G Cp there are sub-horseshoes Aj“ of A with HD{Kj) > HD{K^) — (3, HD{Kf) > 
HD{K'^) — (3, such that if{x,v) G Ay“ and U n{0*(x,n) : t G (0,f+(x, n))} 7 ^ 0, then 

: 0*(x,x) G U and t is a critical point of f o 7r(0*(x, n))} < 00. (20) 
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Proof. Without loss of generality, we can assume that U, of closure of U, is contained 
in the image of a parametrization. Thus, let (p: Id C —)■ M a parametrization of 

M such that the set is an orthonormal basis. Let / be an interval such that 

ip: V X I ^ SM dehned by ip{x,y,z) = {(p{x,y),cos + sinz||) is a parametrization 
of SM and U C ^{V x I). 

Let / G M), put F = /ott, then in local coordinates F{x, y, z) = /o 7 ro^(x, y, z) = 

f{ip{x,y)) and the vector field 0 is (j){x,y,z) = {Xi{x,y, z), X 2 {x,y, z), X 3 {x,y, z)). 
Consider now the set 

S = {(a:, y, z) : (VF(a;, y, z), 0(a;, y, z))) = 0} 


d f d f 

= \ (a;, y, z) : + ^^ 2 (a:, 2 /, ^) = 0 


and 


H = {{x,y,z) : {HessF{x,y,z)(t){x,y,z),(t){x,y,z)) = Q} , 
where HessF is the Hessian matrix of F, given by HessF{x, y, z) = 


/ aff TV 0 \ 

dx'^ dxdy 

TLL afi p 

dxdy dy‘^ 


\ 0 0 0 / 

So, if = I (x, y, z) : ^Xl + 2 ^XiX 2 + = o|. Now we would like perturb / so 

that the sets S and FI to be manifolds that intersect transversely. In fact: 

Since the vector field 0 is transverse to fiber, then Xi 7 ^ 0 or X 2 7 ^ 0. Suppose that 

Xi 7 ^ 0, then put /^(x, y) = /(x, y) -^-cx. Taking 5 small a regular value of 


L{x,y,z) := 


Six? + + gA'I 


9y2- 




Then, the set Hs := {L(x, ?/, z) = h} is a regular surface for all c and 


H, = 


[x^y^z) 


. 3 ^ 

5x2 


+ 2|^XiX2 + 
oxoy 




, let c be small a regular 


_ 5^) + fX 2 

Consider now the function G{x,y,z) := ^— 

Xi 

value of G{x,y, z)\hs, G{x,y,z) restrict to Hs- Thus, the regular surface 

Ss := {G{x,y,z) = c} = |(x,2/,z) : + ^“^2 = o| . 

Therefore, by the choice of c we have that Js := Ss rfi is a finite number of curves. Call 
as, the projections of the curves Js along of the flow on S. Then, by Lemma IT, given 
/3 > 0 small there are a sub-horseshoes such that fl = 0 and 

> HD{K^’^) - /3. 

Thus, if (x,n) G A^’^, then the critical points of {fs o 7 i){(()^{x,v))\{t■.<))* {x,v)eu} are non¬ 
degenerates and therefore hnite. Thus fs satisfies (20). Also, the above condition is open 
in G^{M, M). 

□ 


38 















Corollary 3. There exists a dense C C ^“(M, M) and C^-open, such that given /9 > 0, 
then for any f & C there are sub-horseshoes of A with HD{Kj) > HD{K^) — /3, 
HD{Kj) > HD{K'^) — l3, such that if {x,v) G Ay“, then 

if{t G (0, t+{x, v)) : t is a critical point of f o 7r(0*(a;, v))} < oo. 

Proof. Since UxeA Ute[o i+(x)]^ compact set, then there are a hnite number of 
open set Ui ,..., in SM, such that 


[J U 4>‘(x)c[jw 

x&A tg[0,t+(a;)] 


i=l 


Now, by Lemma 20 for each z = 1,..., n, there exists a dense Cj/. C M) and C^- 


open and satishes all conditions of Lemma 20 


Put C = Thus, give ft > 0 and / G C, in particular / G Cu^- Then, there are 


2=1 


sub-horseshoesiA*’“of A with HD{iKf) > HD{K^)-(d/n, HD{iKJ) > HD{K^)-(d/n 
and we have ( 20 ) for Ui. 


Again, as / G Cu^, the Lemma 20 implies that there are sub-horseshoes of iA'].’“ 


with HD{ 2 K}) > HD{iK^) - [d/n, HD{ 2 Kf) > HD{iK^) - ^/n and we have ( 20 ) for 
Ui and U 2 . In particular, 

HD{ 2 K}) > HD{K^) - 2[d/n and HD{ 2 K]) > HD{K^) - 2(5/n. 

Repeating the same argument several times, applying Lemmal^ we found sub-horseshoes 


of A with HD{nK}) > HD{K^) - jd, HD{nKf) > HD{K'^) - (d and we have (20) 
for Ui,... ,Un. Thus we conclude the proof of Corollary. □ 


Consider now the set Ad of Morse’s functions of M. 

Let / G Ad n C, since 7 r(lJ^g^ Ua:e[o *+(3:)] ^ compact set, then the set of critical 

points of / in Uxe[ot(a:)] finite and denote it by x{,..., xl. Call af the 

set of projections of the fibers 7 r“^(a;f) along of the flow. Thus, applying the Lemma 


17 


A^’“ (of the Corollary for (d/2 > 0) and «/, we have two sub-horseshoes *A^’“ of A^’“, 
respectively, such that *Ay“ n a/ = 0 and 


HD{,K}) > HD{K}) - P/2 and HD{,K/) > HD{K/) - P/2. 


Therefore, 


HD{,K}) > HD{K^) - P and HD{,K/) > HD{K^) - p. 

Lemma 21. Let f G Ad fl C and as above. If{x,v) G *Aj“ andt^^p G (0,t+(a;,n)) 
are critical points of g(t) = / o 7i{p^{x,v)), then 7 r( 0 *“(a;, n)) 7 ^ 7i{p^^{x,v)) . 

Proof. Suppose the contrary, that is, '^v{to) = 7 ,;(ti), where '^vif) = 7 i{p^{x,v)) is the 
geodesic such that 7 ^( 0 ) = a; and 7 ^,( 0 ) = v. Then, g'{t) = df^^(.^)i^{t) = (V/( 7 „(f)), 7 (,(t)), 
by construction of *A^’“, we have that V/( 7 „(t)) 7 ^ 0 for all t G (0,f+(a;,n)), since 
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g'iti) = g'{t 2 ) = 0, then 7 ^(ti) = - 7 ^(t 2 ) or 7 ,,(ti) = 7 ^(t 2 )- In the hrst case, we have a 
contradiction by the uniqueness of the geodesic. In the second case, we have that is 
a closed geodesic, since ^ (0, t+(a:, n)), then (a;,n) is a hxed point of TZ, and this is 
a contradiction by Remark □ 


Proof of Lemma 1191 Let us now consider the parametrizations given by Remark 
- Rxi x(-e,t+(a;j)+e) -)■ ipi (f/j,, x {-e,t+{xi) + e)). Let / G AlflC, put Fi{xi,X 2 ,X 3 ) = 
f o ipi{xi,X 2 ,X 3 ) the / in local coordinates. Then for x G the critical points of 

F|{ 3 ;}x(-e,i+(x)+e) is hnite. Thus the critical points of Fj|{ 2 }x(-e,t+( 2 )+e) are locally graphs 


of a hnite functions ipj, that is, are locally {{xi, X 2 .,'ipj{xi, X 2 ))] 1 < j < k}, by Lemma 21 
we can assume that 


'K{{z = 'ilJi{xi,X 2 )})n'K{{z = 'iljj{xi,X 2 )}) = ^ for all i^j. (21) 

Dehne a C'°°-function, close to the constant function 0 and equal to — 7 * ( 7 * is appro¬ 
priately taken as in proof of Lemma 18) in neighborhood of vr({z = '0j(xi, 0 : 2 )}) and 0 
outside. The equation (21) implies that the functions iion have disjoint supports, there¬ 
fore, the proof of the lemma follows similarly as the second part of the proof as Lemma 

□ 


Remark 15. By the proof of Lemma 19, the sub-horseshoe has the property that 


{7r(0*(^)) : 2 ; G A^’“} n {Critical points of f } = 


Corollary 4. The property of Lemma is robust in the following sense: If X is a 
vector field -close to cf, then = Cx and for any f E Cx, holds that max{f o 7i)x G 
CHEnR{ 


^s,u 


Consider now a surface S dehned by (cf. section 4.2.1) 


S = {(a:,n) G SM : 3 t{x,v) such that 'yy(t{x,v)) = x and {n, 7 (,(t(a;,n))} are LI} 


Proposition 2. This surface satisfies the following properties: 

1. If z ^ S, then there is e> 0 such that ff^z) ^ S for all t G (—e, e). 


2. If z E S, then for all e> 0 small there exists a finite \tk\ < e such that (fl’=[z) ^ S. 


Lemma 22. Keeping the same notation of Lemma 19, there exists Atf, C C^, C“(M, M)- 
dense and C^-open such that if f^ := max{f for f E there is Zf a maximum 

point of f(f, in A} U AJ, with 


Mzf) > f 4 ,{z) for all z E {ir \7r{zf)) \ {zf}) H {A} U A}). 

Proof. The condition of Lemma is clearly C^-open, to prove the density, we have to prove 
simply that A^ is dense in C^. In fact: 

Let f E Cfp and Zf = (x,v) maximum point of we can without loss of generality that 
7 r~^(7r(zf)) iti S and therefore #(7r“^(7r(zy)) fl S) < cx). Moreover, by Proposition we 
can assume that Zf ^ S. Suppose now that there is z = (x,w) E 7r~^(7r(zf)) fl (A} U A^) 
such that fipizf) = f(i,{z), put Zf and 5 such that f 4 >{zf) = / o 7 r{zf) = / o 7 i{(lf^^f\zf)) 
and f(i){z) = f o Tr(z) = f o 7r(0*(^^(2;)). Thus we have the following affirmations: 
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1. 7i{Sf) ^ n{z), 

2. 7i-^{7i{zf))n{(j)\z) : t e [t-{z),t+{z)]} = 0. 


Since 0 = |(/ o 7i{(j)\zf))\t=t(zf) = dU(-,^)y^{t{zf)) and 0 = |(/ o 7i{(j)\z))\t=t(z) = 
dfTr{z) 1 w{t{z)). Then, if 7r{zf) = 7i(z), in any case, since A does not contains fixed points 
(cf. Remark 14) and Zf ^ S, we have that set {'j'uit{zf)),'y'^{t{z))} C T,r( 2 p)^ are linearly 


independent. This implies that d/ 7 ^( 2 y^) = 0, and by Remark 15 this is a contradiction. 
This concludes the proof of 1. 

Let us now prove 2, suppose by contradiction that G 7r“^(7r(2/)), then /o7r(0*^(2:)) = 

/ o Ti{zf) = / o Ti{z) = / o 7r(0*^^)(z)), then by the uniqueness of the points of maximum 
/ o TT{(p^{z)), we have that ti = t{z), he., 5 = (pd^\z) = G Tr~^{Tr{zf)), which is a 

contradiction with 1. 


The property 2 above, implies that for all 2 ; G (vr ^{7i{zf)) \ {zf}) fl (A^ U A“) with 
f<t>{^f) — there are neighborhoods Vz of z in E and f/,r(%) of vr(2/) such that 


IJ {(j)\y) : t G [t_{y),t+{y)]} j n tt = 0. 


( 22 ) 


Now, given e > 0 sufficiently small, let g he a. C'“-function equal to e in n{zf), g >0 close 
to the constant 0 with maximum in n{zf) and 0 outside of UTr{zf), then Zf is a maximum 
point of (if + g)^) Moreover, if 2 ; G (7r"^(7r(^/)) \ {zj}) n (A^ U A)5), then by 


equation (22), we have that (j)^{z) ^ vr ^(f/ 7 r(ij-)), thus 


if + g) o7i{(j)\z)) = /(7r(0*(z)))+^(7r(0*(2;))) 

< /(7r(5/)) + e = /(7r(2/)) + g{n{zf)) = (/ + g)<p{zf). 

That is, (/ + g)^{z) < (/ + g)4,{zf). 

Moreover, the previous property together with the fact that 7r“^(7r(^/)) rfi E implies that, 
there is a neighborhood of in S such that 

(/ + 9 )<j>{z) < (/ + 9 )<t>{x) for all 2 G (7r“^(7r(a;)) \ {x}) fl (A^ U A^) and x 


And this concludes the proof of Lemma, since Ay“^ is close to Aj“. 


□ 


Note that this Lemma also holds for vector fields C^-close to 0. 


Corollary 5. With the notation of Lemma 22, we have that, there is a neighborhood Uzj 
of Zf such that 


U{x) > f^{x) for all X G and x e {ti ^(7r(a;)) \ {x}) fl (A)- U A“). 

Proof. We can assume that 7r“^(7r(2;/)) iti S. Thus, by contradiction, suppose that there 
are x„ —)■ Zf andxn G 7r“^(7r(x„))n(AjUAj) such that f^{xn) < ftp^Xn). By transversality, 
we have that Xn ^ w & 7i~^{7i{zf)) \ {zf}, therefore f 4 >{zf) = f(p{w) which contradicts the 
Lemma [22l □ 
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4.1.5 Proof of Theorem [T] and 

In the proof of Theoremsandwe will use the following proposition found in ( |MYini 
pg- 21]). 

Proposition 3. Let A be a horseshoe and let L <Z A an invariant proper subset of A. 
Then, for all e > 0, there is a sub-horseshoe A C A such that A fl L = 0 and 

HD{K) > HD{K)-e, 

where, K, K are of regular cantor set that describe the geometry transverse of the stable 
foliation IT*(A), IT*(A), respectively. 


Proof of theorem [T] . Let F E and 


as in Lemma 18 with 


HD{K"/) > HD{K^'^) - /3. 


Put L = Ap n Af C Ap a 7^-invariant set, then by Proposition (applied to 7^ ^), 
there is a sub-horseshoe iof Ap such that iA|, fl L = 0, that implies iA|,. fl Af = 0. 
Moreover, 

HDi^Kf.) > HD{Kf) - /7 > HD{K^) - 2/7, 

where iKf is of regular cantor set that describe the geometry transverse of the unstable 
foliation IT“(iAp). Dehne the sub-horseshoe Ap of A by Ap := lA^ U Af, denote this 
by Aj? := (lA^, A^), put Rp := Rp U Rp and consider the open and dense set 


H,{n,Ap) = {fE C\EnRp,R) : ifMf{Ap) = 1 for z E Mf{Ap), Dn,{eT) ^ O} , 
as in jMRnl3( Theorem 1], 

Let / G HiiTZ, Ap), then there is a unique Zf E Mf{Ap). Since lAf. fl Af = 0, we can 
suppose that Zf E iA|,. Thus as in |MRnl31 section 4], let lA^ sub-horseshoe of lA^ 
such that HD{iAp) ~ HD{iAp) and Zf ^ iA|,, then put 


A^ = (iA^,A“). 


Moreover, since ~ HD{K^) + HD{K^) 

small, then 

HD{,K^p) + HD{Kf.) > 1, 


HD{A) ~ 2 and /7 is 


where iKf is the regular Cantor s et th at describe the geometry transverse of the unstable 
foliation W^{iAp) (cf. subsection 5.4). 


subsection 

Af = (lA^, A^) and lA, 
by Lemma 


Hence, by [MYl] i t is sufficient perturb lA^ as in subsection 4.1.1, to obtain property 
V (cf. subsection 5.5). Let w E Ll such that (Jl—,A^) has the property V, where 

is the continuation of the hyperbolic set iA|. for TZ—. Thus 
, then (7^G„ 


15 


7^^ = 7^G„ 


A-1 


has the property V so by |MRnl31 Main 


Theorem ] we have that 


intM(f, A^) 7 ^ 0 and intL{f, A^) ^ 0, 
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for any / G Hi{Tl, Ap). Now by Corollary ^the function |=n(i?j,uR“) is C^, using 

local coordinates as in Remarkrespect to the field G^, we can find g G (7^(2, M) such 
that 

maxFGjEn{R‘’pUR'-p)ixi,X2,X3) + g{xi,X2) G i7i(F, Ap). (23) 

Put h{xi,X 2 ,X 3 ) = F{xi,X 2 ,X 3 ) + g{xi,X 2 ), then maxha^ = maxFc^ + 9 ^ Hi{Tl, Ap). 
Therefore, since M{h,A^) = jsup^g^ ^ ^ M{h,Gy^. So, 

intM{h, Gw) 7^ 0- 

Analogously, L{h,A^) C L{h,Gw), therefore intL{h,Gy^ 7 ^ 0. □ 


Proof of theorem [2l Let / G A^, put F = / o vr. Let /3 > 0 be and consider A).’“ and 


(as in Lemma 


19) with 


HD{Kf^) > - (3, 


and := max{f o 7r)<^|sn(iJ)uiJp is G\ 

Similarly as in the proof of Theorem we find the sub-horseshoe A^ of Ap :=i A^ U Aj 
with lAj n A“ = 0 such that 


intM{k, Aj) 7 ^ 0 and intL{k, Aj) 7 ^ 0, 
for any k G Hi{F, Ap). Also, by Corollary the function max{f o vr)^^ is G^. 


Now, we want obtain (23) with g = j with j G G^{M, M). In fact: 

Put fw = max{fop)GjEniR‘}uRj), and let Zw G MfJ^Ap) = {z e Ap : fw{z) > fw{x) Wx G 
Ap} given by Lemma 22 (applied to the vector held G^) and let Uz.^ be a neighborhood 


of Zw given by Corollary such that 

fw{x) > fw{x) for all X G Uz^ and x G ( 7 r"^( 7 r(a:)) \ {x}) C Ap. 


(24) 


Now we have that there exists G G^(S n {R} U R^), M) such that g = 0 outside of f/^„, 
and /^-|- G Hi(7l, Ap) with the maximum point Zw in Uz^, i.e., Zw G Mf^^g{Ap) n f/^^. 
Without loss of generality, we can assume that vr|[/^^ : —>■ t^{Uz^) is a diffeomorphism, 

then dehne j := g o ( 7 r|{/^^)“^: tt{Uz^) —)■ M and put j equal to 0 outside of neighborhood 
of 7r(f/^J. 


Claim: The function fw+joT^ G Hi(7l, Ap). In fact: We have to prove simply that 
Zw is the only maximum point of /«; + J o vr in Ap. Since j o p = g on Uz^, then 
Zw G Mf^pjo 7 T{Ap)nUw. Now, if 2 ; G ( 7 r“^( 7 r(f/^„)) \ [/;,„) nAiJ’, then there is x G such 
that 2 ; G 7 r“^( 7 r(x)), so j o 7 r( 2 ;) = j o p(x), moreover by inequality (24), /^(x) > fw(z), 
this implies that 


fw(Zw) + j o 'n-(zw) > fw(x) +jop(x) > fw(z) +jop(z). 

Again, since 5 f = jo7r = 0onS \ 7r~^(p(Uz^)), then the inequality above is true for 
2 ; G Ap \ 7r“^(7r(f/^„)), this proves the claim. 

The remainder of the proof follows similarly as the proof of theorem [T] 

□ 


An important observation is that the vector held Gw is not necessarily a geodesic held for 
some Riemannian metric near the initial Riemannian metric. 
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4.2 The Interior of Spectrum for Geodesic Flow 

In this section will prove a version of Theorem and where the vector field X is the 
geodesic field to some Riemannian metric near the initial Riemannian metric. 

The main problem to obtain X in Theorem and as being a geodesic field is indepen¬ 
dence in the perturbation of the diffeomorphism TZ, to obtain property V (cf. subsection 


to the dynamics out. 

If we want perturb TZ to obtain property V and still be an application of first return 
of the geodesic flow for Riemannian metric near the initial Riemannian metric, we must 
keep in mind that upsetting a metric in a neighborhood of a point in the manifold M, 
then we affect the metric (of Sasaki in SM) in the points of the fiber of the neighborhood 
perturbed, i.e., if the metric is perturbed in U, then the Sasaki metric is perturbed in 
7r~^{U), where vr: SM —)■ M is the canonical projection n{x,v) = x. Therefore, if we 
want to perturb TZ in R(a) C Ri as an application of first return of a geodesic flow, then 
such perturbation is not necessarily independent of i?(a). 

Therefore, what we will do is obtain a sub-horseshoe A of A with HD{A) > 1 and such 
that the perturbation of the metric, in a neighborhood of the image for for R in 

a suitable Markov partition of A (cf. definition]^, induces a perturbation of TZ as an ap¬ 
plication of a first return of the geodesic flow for a metric near, and that the perturbation 
be independent. 

The next two sub-sections are aimed at finding such sub-Horseshoe. 

4.2.1 The Set of Geodesics With Transversal Self-Intersection 

Let {xo,Vo) G SM such that the geodesic 7r(0*(a:o,U q)) = Ivoit) (with 7 ^ 0 (0) = ^0 and 
7^,0 ( 0 ) = Vq) has a point of transversal self-intersection, that is, there is to ^ such that 
cj)^°{ xo,vq) e 7r“^(a:o) and {^o, 7 ^,o(^o)} is basis of T^M. 

Remark: We can see that since the Liouville measure is invariant by the geodesic flow 
and we are assuming that M has finite volume, then the set of geodesics with transverse 
self-intersection is not empty. 

Let £ be a section transverse to flow and to the fiber 7r“^(a:o), define the following function 

/ : £ X M —> M 

{{x,v),t) I— >7T{(j)\x,v)) 

with f{{xo,Vo),0) = Xq and /((xq, Uq) Ao) = let Iq, Rg are small intervals containing 0 

and to respectively. Denoted /o = f\cxio and ft^ = f\cxit^- Let (p: UoC T^^M -)■ f4g 
normal coordinates in xq, where f/^o is neighborhood of xq, that is, let { 61 , 62 } be or¬ 
thonormal basis of TxqM and (f{xi,X 2 ) = (p{xiei + X 262 ) = expxA^iCi + 0 : 262 ). 

We define 

H: C X It^ X Iq —)■ Vo C TxqM 


5.5), i.e., in the proof of Theorem^ we could perturb TZ in each R{q) G Ri without regard 
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by H {{x, v),t,s) = {ip ^ o ((x, v),t)-{ip ^ o /o) ((x, u), s) satisfies H{{xo, Vo),to, 0) = 

0. 

Then, 

OH / (9 f \ 

— {{xo,Vo),to,0) = P<^"^)/tQ((a:o,«o),to) ( ^((a^O,t'o),to) j 

= (^ea;p“^)^o(7;^(to)) = 7^o(^o) 

the last equality is due to the fact that {Dexp~^)xo — TxqM —)■ identity of 

Tx^M. Also, 

dH f 9 fo \ 

— ((a;o,uo),to,0) = -(T><^“^)/o((^o,^o),o) f ^((xq, uo), 0) j 

= -{Dexp-^)xo{%o{^)) = -(^ea;p“^)„o(uo) 

= -^^o• 

Since {—'^o, 7(,o(fo)} are linearly independent, then, is an isomorphism. Therefore by 
the Implicit Function Theorem, there is and open Uc of (xq, Vq) in C and a diffeomorphism 
i'. Uc ^ V(to,o) with V(to,o) open set containing (to, 0) in MxM and hf ((|/,w),^(|/,m;)) = 0. 
Without loss of generality we can assume that x Iq and 

with ,^1 close to to and ^2 close to 0, this implies 

(^xp~l{'K{(t)^^^y''“\y,w))) = exp-l{'K{(t)^‘^^y'^\y,w))), 

so 7r(0«i(2'’"')(|/,w)) = Equivalently lw{ii{y,w)) = 7^„(^2(t/,ta)), where 

n{(f)^{y,w)) = 'jwit) for any {y,w) G Uc- Consider the new section transverse to flow 

U^={^i^M(y^yj)-.(y^yj)eUc}. 

Note that ^i(a;o,Vo) = ^0 and ^2(2^0,'^^o) = 0, so (xo,Vo) G Uc- 

Let (x,v) G Uc, then there exists a unique {y,w) G Uc such that (x, n) = <l)^^^y’'^\y,w), 
so there exist a unique ^i{y,w) such that 

x = 7r{x,v) = 7r{4>^^^'^’'^\y,w)) = 7r{4>^^^'^’'^\y,w)) 

= TT {(j)^2(y<^)(y^w))) 

= 7r{cl)^^y'^\x,v)) , 

where p{y,w) = ^i{y,w) — ^ 2 {y,w) is close to to- This implies that for any {x,v) G Uc 
there is p{y,w) such that n) G 7r~^{x) and {v,'jl{p{y,w))} are linearly indepen¬ 

dent. 

From the above discussion we have that the set 

S = {{x,v) E SM\3 t{x,v) such that 7„(t(a;,n)) = a; 
and {n,7(,(t(a;,n))} is linearly independent } 
is a submanifold of AM of dimension 2. 

Put Sn = {(a:,n) G S : |t(a;,n)| < n}. Clearly, Sn C Sn+i- Given (x,v) G Sn, there is a 
neighborhood U of (x,v) in S such that U C A^+i, therefore we can consider that Sn is 
a surface, submanifold of SM. 
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4.2.2 Independent Perturbations of the Metric 


In Lemma 10 was proven that there are GCS Sj snch that 


A C 


m{l) 


i=l 


with Sj n Sj = 0. 


Then the hyperbolic set A = flnez^^dJi where IZ is the Poincare map (map of hrst 
return) of IJj Sj := S, satishes by Lemma 14 that d := HD{A) is very close to 2. 


The Poincare map is conservative, and so, by the Remark 11, given e small, there is 


a Markov partition of A in rectangles whose sides have length of the order of e. We will 
make a small abuse of language and call these rectangles with bounded distortion squares 
of size e. 


Definition 3. Let Ai, A 2 be two disjoint subhorseshoes of A. We say that Ai has no 
interference on A 2 if there are Markov partitions IHi of Ai, and IH 2 of A 2 , respectively, 
such that 

Tr 2 n rpi /2 = 0 for any Ri G and R 2 E ^ 2 , 

itl 

where = {0*(x) : x G -R 2 and 0 < t < t+{x)}, x^i /2 = and R\^^ = 

(j)L/2(^R_^'^ yjith ii = sup t+(x). 

xeiJinA 

Lemma 23. Let Ai C A a sub-horseshoe with 0 < HD{Ai) =: A < |, then there exists 
another sub-horseshoe A 2 of A with the following properties: 

1. HD{Kf) is very close to HD{K'^), where Kf, are the regular Cantor sets that 
describe the geometry transverse of the stable foliations iy^(A 2 ), IP^(A), respec¬ 
tively. 

2 . Ai n A2 = 0 . 

3. A 2 has no interference on Ai. 


Proof. Consider a Markov partition 94 of A in squares of size e. Then 94 has approximately 


r- — d 


squares, where d = HD {A). Consider analogously a set 94 ai C 94 of the order of e 


-A 


squares of size e forming a Markov partition of Ai. Observe also that, given p G Ai be¬ 
longing to a cross section Sj, the projection by the flow 0* of the hber 
is a curve (or a hnite union of curves), and so, as in the proof of Lemma 17, each square 
of 94 ai has interference on at most of the order of (which is much smaller than e~^) 
squares of 94. Thus, the squares of 94 ai have interference on at most 
squares of 94. We call X D 94ai the set of squares which suffer interference of some square 
of 94 ai. Therefore, we have iV := |94 \ j£| > squares of 94 which do not suffer 

interference of any square of 94 ai. 
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The maximal invariant set by TZ of the union of these N remaining squares in 9^ \ 
which will be the sub-horseshoe A 2 C A. By the construction above, this sub-horseshoe 
A 2 clearly satisfies the conditions 2 and 3 of lemma. In what follows, we will estimate the 
size of A 2 . 


Let {9i ,..., 9f^} be the words associate with the remaining squares. They generate 
intervals of length of the order of in 1T“(A) (of the construction of the unstable regular 


Cantor set). Without loss of generality we can assume, as in Remark 10, that the tran¬ 
sitions 9i9j are admissible for all i,j G {1 ,... ,N}. A transition 9i9j is said prohibited if 
there exists R E X {as a. word) inside (a factor of) 9i9j. 


R 


0 


Since the product of the lengths of the intervals in hT“(A) generated by the words a and 
/3 is of the order of e^/e^ = e^, the number of possibilities for the word i^{af3} is of the 
order of N. On the other hand, the size of each word 9i (which gives an upper bound 
for the number of positions where the word R begins) is of the order of loge“'^, which 
is of the order of log A. Then each word R corresponding to a square in X prohibits 
0(7VlogiV) transitions. So we have in total (9(e“^/^iVlogiV) prohibited transitions 9i9j. 
Since d > 3/2 and N is of the order of e“'^, we have e“^/^iVlogiV = o(iV^). 



This shows that the number of prohibited transitions is much smaller than the total 
number of transitions. So, consider the following matrix A for i,j G {1,..., N} 

{ 1 if 9i9j is not prohibited; 

_ 

0 if 9i9j is prohibited for some R E X 


By the previous discussion we have (for e small enough) : Ojj = 1} > so by 


Remark 10 the sub-horseshoe A 2 satisfies the condition 1 of the lemma. 


□ 


Notice that the sub-horseshoe Ai C A in Lemma 23 with 0 < HD{Ai) < ^ can be taken 


such that 


HD{Kl) ~ 1/4, 


(25) 


where Kf is the regular stable Cantor set associated to Ai. Now we create a family of suf¬ 
ficiently independent perturbations of 7?. in a neighbourhood of a suitable sub-horseshoe 
of Ai. 


Fix n eN large and let be as in the subsection 4.2.1, Since the transversality condition 
is open and dense, then we can suppose that the CCS Ej are transverse to surface Sn- 
This last implies that := IJ^ E* rfi is a hnite family of smooth curves. Now by 
Lemma Ff applied to the family of curves and the sub-horseshoe Ai, we have that 
given (5 > 0 there is a sub-horseshoe Aq of Ai such that Aq fl a = 0 for any a E an and 
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HD{K^) > HD{K^^) - I (26) 

where Kq, are of regular Cantor sets that describe the geometry transverse of unstable 
foliation iy“(Ao), hh“(Ai), respectively. Since the set of periodic points of 7Z of period 
smaller than n in Ai is finite, we may also assume that Aq does not contain any periodic 
point of period smaller than n. 

Remark 16. Given a positive integer m, we can perform the above construction for n 
large enough and choose a Markov partition 91o of Aq such that for each Ra G 91o there 
is a neihghorhood Ua of Ra with the property (ffiUa) H '7‘^i/2 = 0 for inf^g^^ to(a;) < t < 
suPxec/a ond for - sup^.^^^ ^ < 0; where ti{x) = t+{TZ^{x)) and 

r 1/2 = TT~^(TT(Uy^))). In particular, RfUJa) H r,.i /2 = 0 for 0 < r < m. 

^ a ^ a 


Let 91o = {Ri, ■ ■ ■, Rn} be a Markov partition by squares of size of Aq as in Remark 


16 Note that since R, is conservative, then each square of this Markov partition 


correspond to an interval of size of the order of e in iy®(Ao) (of the constructions of the 
stable regular Cantor set of Aq): there is an iterate of the square which is a strip in the 
unstable direction, whose basis is this interval. We call X := {6*i, ... ,9]y} the set of words 
associated to the intervals corresponding to the squares of 91o in W'^(Ao). Without loss 
of generality (by considering, if necessary, a suitable sub-horseshoe with almost the same 
dimension) we can assume, as in Remark 10, that the transitions 6i6j are all admissible. 
We say that the word 9 i disturbs in the word 9 j if i ^ j and fl r^(0,)i/2 7^ 0 , where 
R{9i) is the square associated to the word 9i. Define Pg^ = {9j : 9i disturbs 9j} = 
• • ■ , We have, as in the proof of Lemma 23, \Pe,\ = 0{N^R). 

Definition 4. We say that 9i prohibits the transition 9j9k if there exists a word 9ri(i) G Poi 
inside (as a factor of) 9j9k. 


For the next lemma we need some dehnitions and results given in the Appendix 5.2 


Lemma 24. //w G T^SM \ {0} is a vertical vector, then w ^ E^^{x) © 0(a;) and w ^ 
^tin(^) 0 (i)(^x), where E^^[x), E^'^{x) are the stable and unstable space, respectively. 

Proof. Since SM is a hyperbolic set for 0, then E^^{x)®E'^'^{x) = kerax (cf. App. Lemma 
30|, where ax'. TxSM -)■ M is dehned by ax{f) = {dTixiO^ dTTxi(j){x)))^(^^^ = {dTrx{0w)^(x)- 
Wppose that w = + (I((>{x) with G F^®^(a;), then 

0 = {d7Tx{w),v) = {adTTxiO + Pd7rx{4>{x)),v) = a {d7Tx{0,v) + fl {v, v) = /3. 

Therefore, is a vertical vector, but 

E^^{x) = {(7^(0), Js(0)) G H{x) ®V{x) : is a stable Jacobi held}. 


thus = 0 and this is a contradiction (cf. Appendix 5.2.3). For E^'^{x) ©0(x) the proof 
is analogous. 

□ 
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Lemma 25. Let x E A and put x 


t+(^) 
0 2 


{x), then the surface 


Vx ■= IJ ^(vr(x))) 

te(-t+[x),t+{x)) 


intersects transversely S, therefore rj^ O E = { 01 ,...,is a finite family of curves. 
Moreover, if z E (di H A H E for some S G S, then 


and 


Proof. For X E ir ^(7r(x)) and a non-zero vector W E Txtt ^(7r(a;)) ( a tangent vector of 
7r“^(7r(5;)) in X), then the tangent space to rj^ in 0*(X) is 

T(f,t{x)Vx = span{d(j)x{^)} ® span{d0^(0(X))} = span{d(j)x{^)} ® span{0(0*(X))}. 

Therefore, since 0 rfi S, then iti S, so iti S = {0i, ... ,0;}. 

Let 2 ; G 0i n A n S for some S G S, then there is X G 7r“^(7r(5;)) snch that 2 ; = 0*(X), so 
r^0i = rh T^S = {span{d(j)x{W)} © span{0(00X))}) rh T^S, 


where W E T^vr ^(7r(0)) is a non-zero vector. Remember that TzW\z,T,) = {E\z) © 
4>{z)) n T^S for i = ss,uu, then since is an invariant bundle for dcjf, i = ss,uu, it 
follows that T,W^{z, S) = (d0^(E0X))©0(0‘(X))) rh T,S, and by Lemma|^ ^ 

((i0^(X®(X)) © 0(0*(X)) for i = ss,uu. The above concludes the proof of lemma. □ 


Lemma 26. Given a constant 6 E (0,1), there is a positive integer m such that, if Aq 
is a sub-horseshoe of Ai as in Remark\^ then, for any i < N, 9i prohibits at most SN 
transitions of the type 9i6j or 9j9i (with j < N). 


Proof. Let us hrst consider transitions of the type 9i9j. 

Write 9i = afij such that a is associated to an interval of size of the order of 
and 0 and 7 are associated to intervals of sizes of the order of in hF'^(Ao), and let 
a = S 1 S 2 ... St. Let Pq. = • • • , If 9i prohibits the transition 9i9j then there 

exists a word 9rpi) E Pe. inside (as a factor of) 9i9j. 

Let us hrst show that the word 0 ^ 7 ,) cannot begin too close from the beginning of 9i 
itself. More precisely, if it begins by a letter Sk of a then we should have k > m. Indeed, 
ii k < m then the square Ri of the Markov partition IHo corresponding to 9i is such that 
7lf~^{Ri) intersects Rr,(i) (notice that k > 1 since, by dehnition, ri{i) 7 ^ i). Since, for 
some X E Rri(i), there is 0 < t < t+{x) such that ((^{Rri^i)) fl Tj^i /2 7 ^ 0, if we take y E Ri 

and i = Yli=o ^iiv) (so that = (j)\y)) then 0®*(f/j) fl r^i/2 7^ 0, a contradiction 

with Remark [m 

Consider now a word beginning by the letter Sk of a (with k > m). Then, if 
a is the factor of 9i beginning by the letter Sk of a (and also an initial factor of ^r^q) 
associated to an interval of size of the order of the square associated to the word 
9ri{i) belongs to a strip in the unstable direction corresponding to the interval (of size of 
the order of e^/^) in IF^(Ao) associated to the word a. The previous Lemma implies that 
there is a constant C > 0 (which depends on the transversality constants in the previous 
Lemma, but is independent of e) such that 9i disturbs at most C squares in this strip, so. 


49 




given k in this situation there are at most C possibilities for For each such word, 

the largest part of it will be a factor of 0 *, and the remaining will be an initial factor a of 
9j. Let m' be the minimum size of a. Then m' is of the order of m. There is a positive 
constant A < 1 (a hyperbolicity constant for A) such that, for each q > m', if the size 
of a is q, then the number of words 9j beginning by a is at most X'^N. Therefore, the 
number of prohibited transitions 9i9j in this situation is at most 


A ■ V C ■ A'' 


q>m' 


CNX^‘ 

1-A 



The next step is to consider a word 9r^[i) beginning by the letter of f3. Then, if 

/3 is the factor of 9i beginning by the letter of (3 (and also an initial factor of 9ri[i)) 

associated to an interval of size of the order of the square associated to the word 
9ri[i) belongs to a strip in the unstable direction corresponding to the interval (of size of 
the order of in hL^(Ao) associated to the word (3. Since the number of intervals of 
the construction of in hF®(Ao) whose sizes are of the order of contained in an interval 
of size jg ^t most of the order of then, by the discussion of the previous step, the 
number of squares in this strip that are disturbed by 9i is at most of the order of A^F_ 
So, given k in this situation there are at most A^F possibilities for 9r^(i). For each such 
word, a part of it will be a hnal factor of 9i, and the remaining will be an initial factor a 
of 9j, which corresponds to an interval of size at most of the order of go, the number 
of words 9j beginning by a is at most of the order of A^F_ Since the number of letters 
in f3 is of the order of log A, the number of prohibited transitions 9i9j in this situation is 
0(logA-AF4) =o{N). 

The hnal step for estimating the number of prohibited transitions of the type 9i9j is 

considering the case when a word begins by a letter of 7. In this case, a part of 

the word 9ri{i) will be a hnal factor of 9i, and the remaining will be an initial factor a of 
9j^ which corresponds to an interval of size at most of the order of go^ the number 
of words 9j beginning by ot is at most of the order of A^F_ Since IP^J = O(A^F)^ 
number of prohibited transitions 9i9^ in this situation is 0(A^/^) = o(A). Thus, the total 
number of prohibited transitions 9i9j is at most 


(5A 

X 


+ o(A) < 


~Y' 


The study of the case of transitions of the type 9j9i is analogous, and the total number 
of prohibited transitions in this case is also smaller than 6N/2, which implies the result. 
We will only give some details of the argument corresponding to the hrst step: we show 
that the word 9ri{i) cannot end too close from the end of 9^: it should end at least m letters 
before it. Indeed, if it ends k letters before the end of 6 **, and k < m then the square 
Rri(i) of the Markov partition IHo corresponding to is such that IZ^^Rn^i)) intersects 
Ri (notice that A: > 0 since, by dehnition, ri{i) 7 ^ i). Since, for some x G Xp), there is 
0 < f < t^{x) such that 0 *(Pr;(i)) Fl r^i /2 7 ^ 0 , if we take y G Xp) and i = Yli=o F( 2 /) (so 
that IZ^iy) = (t>^{y)) then fl t^i /2 7 ^ 0, a contradiction with Remark 


16 


Now we will perform a probabilistic construction. 
Fix a parameter a with 1/4<q;<1/2. 


50 




Lemma 27. Let f: {1,..., [iV“J} X = {9i,... ,9^} a random function (i.e., each 
value f{i) is chosen randomly, with the uniform distribution, and independently from the 
other). Then f is injective with probability 1 — OAr(l). 


Proof. The total number of functions / is The number of injective functions 

among them is 

(N-j). 

j-o 



So, the desired probability is 




n = n 

j=0 j=0 




L^j=o J 
N 


> 1 - 


2N 


= 1 - 


2jvi-2« 


— 1—Oiv(l)- 


□ 


Given three indices i,j, k < with j 7 ^ k, we will estimate the probability that, given 
a random function /: [iV"]} —)■ X, f{j)f{k) is prohibited by f{i). 

We have two cases: 


If i G {j, k}, the above probability is at most 6, by Lemma 26 


ii) If i ^ {j, k}, i G {1,..., [W"]}, assume that f{i) prohibits 9j9k. Then the situation 
is as in the following diagram, where we have two representations of a same word: 


a 


/(*) 


/9 


The number of possibilities for the pair (a, ft) is 0{N logN) and so, since \Pf(i)\ = 
we have 

\{9j9k : 9j9k is prohibited by f{i)}\ = ■ N\ogN). 

Therefore, the probability that the transition f{j)f{k) is prohibited by f{i) is 

P{f{j)f{k) is prohibited the transition f{i)) = — iVlog N) ^ 0{N~^/‘^\ogN). 

(27) 

Given such a function / and j 7 ^ k, we say that the the transition f{j)f{k) is prohibited 
if the transition f{j)f{k) is prohibited by f{i) for some i < 

The previous estimates imply that, since a < 1/2, the expected number of prohibited 
transitions is at most 

25[iV"J^+ [iV"jlO(W-^/2logiV) = 2h[iV"j2 + 0(iV3"-^/2) <3h[iV“J^ 
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Given such a function /, let 9i = f{i). 

It follows that the probability that the number of prohibited transitions 6j6k with j ^ k 
is > A6[N^\^ is < 3/4. 


Consider A = (aij) for i,j G the matrix defined by 

{ 1 if 9i9j is not prohibited; 

■ 

0 if 9i9j is prohibited by some 9^ G Imf 

Then, with probability at least 1/4, |{z, j G {1,..., ap- = 0}| is at most I + 

4^[A^"J < 5(5[iV"J (for N large). We assume now that / satisfies this condition and is 
injective, and that 5 < 1/500. 

Define K the regular Cantor set 


K := = 1, V*: > 1} c K‘„. 

By the previous we have #{ap : ap = 1} > so by the Remark 

HD(K) ~ ^ ~ aHD{K^). 

-loge 


10 


we have 


Consider the sub-horseshoe of Aq defined by 


A3:=n^M U {R{0^)nn-\R{9,)) 

neZ 

where R{9i) is the square associated to the word 9i. 

Since the stable regular Cantor set described by the transverse geometry of unstable 
foliation 1 T“(A 3 ) is equal to K, by the above discussion we have 


HD{Kl) ~ aHD{K^). 


(28) 


As HD{A) ~ 2, then HD{K'^) ~ 1, then by Lemma 23 the sub-horseshoe A 2 satisfies 


that A 2 n A 3 = 0 and HD{K 2 ) ~ 1. Also, combining the equations (25), (26) and (28) 
we have that HD{K^) ~ a\. Therefore, since a can be taken equal to 2 — 4e, with small 
e > 0 , then HD{K^) ~ | — e, thus 

HD{K^) + HD{K^^) > 1. 


From section 4.1, we described the family of perturbations given in [MYl page 19-20], in 


which it is possible to obtain the property V (cf. section 5.5). 


In |MY10j was proved that if 7?. is a diffeomorphism with two horseshoe A 2 , A 3 disjoint, 
we can perturb 7^ in a Markov partition of A 3 without altering the dynamics in A 2 as in 


section 5.5). 


the section 4.1 and such that the new dynamics has a horseshoe with the property V (cf. 
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Let i, j be such that Ojj = 1, since 9i9j is not prohibited, then niTjK^o-)) fl = 0. 

This implies that, if we perturb of metric g in then this perturbation is 

independent, he, the dynamic of IZ in R{9j) for j ^ i not changed. Also, the dynamic of 
TZ in Markov partition of A 2 given Lemma 23 also does not change (cf. de£nition|^. We 
want to perturb of metric in a neighborhood of Since the diameter of 9i 

is sufficiently small, we can assume that is contained in a normal coordinate 

system, he., there is a point p G 7i{R{9iyR), an orthonormal basis { 01 , 62 } of TpM and 
open set U C TpM such that the function 

defined by y) — expp{xei + ye 2 ) is a diffeomorphism and c 

We want perturb the metric g and generate a perturbation in the diffeomorphism 7Z, such 
that satishes the condition of the family of perturbation (cf. subsection 4.1.1). 

Remark 17. Given a metric g close to g, then geodesic flow of g still defines a Poincare 
map 7Z^ defined in the same cross-section where is defined 7Z. 

Let ^ be a Riemannian metric close to the metric g and such that the support of ^ — 5 ^ is 
contained in Ui and satishes 

S'|(x) n Sg{x) = 0 for all x G 7r(R(6'j)^'^^), (29) 

where ^{(a;) := 7i^^{x) = (n G T^M : ||n||- := ^yg{v,v) = 1} and ^{(x) = 7 r“^(x). 

Using the notation of definition consider V) a neighborhood of R{9i) and 
put ti = sup t+(x), then we dehned the local Poincare map 77 i/ 2 : U —t 

xeRiepnAa 

associated to the geodesic how 0*, and for g close to we can consider the local Poincare 
TZ \/2 '- ^ associate to geodesic how cfg of the metric g. 


Lemma 28. Let g he a Riemannian metric that satisfies the above, and the equation (29), 
then 

TZfiW^iz)) n n{W^{z)) = 0 for all z G Rfii) n A 3 . 


Proof. First we show that 

n ni/2{Wf^{z)) = 0 for all z G R{9i) n A 3 . 


(30) 


In otherwise, i.e., there is (x. A) G 'R\i 2 (Wni.z)) fl 77 i/ 2 (IU^( 2 :)) and (x. A) G 7 r^^(Uj). 
Thus, there are (|/, A), (p, T*) G W.^{z) such that TZi{p,P) = TZ{{y,Y) = (x. A). There¬ 


fore, 1 = ||A|| = ||p|i = nfip,P) 


g — g is contained in Ui, then 


Riiy^Y) 


Rliy^Y) 

2 

R{{yX) 


and since the support of 
= 1. This implies that 


(x. A) G SUx) n Sl{x) which is a contradiction with (29). 


Since 


n{{w,W) = 1 for all {w,W) G WMz), then by (29) n\{WMz)) riTifflUi) = 0. 

2 g 
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Therefore (7^| (w, PT)) = (w, PT)) for all (w, IT) G W^{z), where cjA and 0* are 

^ 2^2 ^ _ 

the geodesic flow of the metrics g and g, respectively. So, the above and the eqnation (30) 

implies Lemma. □ 

The next step is to exhibit the pertnrbations or families of pertnrbations of g that have 
the property (29). 


Let a'^{x,y) be a continnons family of real fnnction with snpport contained f/, en¬ 
close to constant fnnction 0 and a^{x,y) = 0. Moreover, if w 7 ^ 0, then a^{x,y) 7 ^ 0 for 
all {x,y) e Thus, we can dehne a new family Riemannian metric g^ in 

local coordinates by setting: 

a) 9T = (1 + 

b) 

c) 


i9T)oo{x,y) = 9oo{x,y) + a'^ix,y) 
{9T)iji^^y) = 9ij{x,y) (qj)^(0,0). 


In any case a), b) or c), the family of metric g'^ satisfies the property (29) and therefore 
satisfies the Lemma |28l 

We denote by TZf the Poincare map given by g'^ (cf. Remark mi' Define the follow¬ 
ing application on R{9i) by 

^f{x,v):=TZ~^oTZ'^[x,v) for {x,v) e R{9i). 

Corollary 6. If z & A^D R{9i) e w Y 0, then ^f{Wfi{z)) fl Wf^{z) = 0. 

Proof. By Lemma 


we have 'RT{Wf^{z)) r\7l{Wf^{z)) = 0, so ^f{Wf^{z)) fl Wf^{z) = 

□ 


We define the new metric g^ on M close to the metric g by 


9w 


gf if x e Ui] 
g otherwise 


Put <h"'(a;,n) := <hf(a;,n) if (x,n) G R{9i). This Lemma implies that the perturbation of 
TZ, given by TZ'^ :=7Zo <!>"' satishes the condition on the family of perturbation to get the 
property V (cf. subsection 4.1.1 and section 5.5). 


Consider a Riemannian metric g^, then put S'^M = {(x,n) G TM : ||n||g^ = 1}, 
the unitary tangent bundle associated to metric g^- Then, there is a diffeomorphism 
5"': S'^M —)■ SM defined by S^{x,v) = {x, pji). If g'^, g are metric, then S'^ is C^. 

Moreover, g'^ is close to g, then is close to the identity. In the following sense: 

Let {x,v) G S'^M and i>w'- U C — )■ S'^M a chart of with -0^(0) = (x, n) and 
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-0: C —)■ SM a chart of SM such that '0(0) = S'^{x, v), then ifj ^ oS^ oi/j^: U ^ V 

is diffeomorphism close to the identity of 

Let 0^ be the geodesic flow of the metric and 0^ the vector field that generates the 
geodesic flow 0(„. Define the vector field on SM by Jw{x, v) = DiS"'(5»)-i(2:_^)0^((iS"')“^(x, ■y)), 
is easy to see that the integral curve of in a point {x,v) G SM is given by /3(t) = 

5 "' o 0(^ o n), that is Jw{l3{t)) = 0'(t) and the flow of is J^{x,v) = /3{t). 


Note that, since is close to g, then S'^ is close to the identity, therefore the vector 
held Jw is close to 0, the vector held that generates the geodesic how of the metric g. 
Thus, we can dehne the Poincare map 7^“^“: S —)■ S associated to 

Now let us relate the diheomorphism TZ'^'^ and TZ"^. 

Lemma 29. The diffeomorphisms TZ'^'^ and TZ'^ are equal. 

Proof. Let (x, v) G S'M, then by dehnition 

where metric g^,). 

II ^\\w II ^llm 

So, 0(„((5^)-Ha:,n)) = (7^;(pp), ^ 7 (,(p]p)), but ||7(;(^)IL = II'^'IL for alH. Therefore, 

\ M^llu; 11‘^llin / 


II ^Ww 


7 


/ ! i 


V\ j; 


where JC^: TM \ {0} —)■ S^M dehne by KP{y,Y) = {y, p^), where TM is a tangent 

bundle of M and TM \ {0} = [J^^j^iT^M \ {0}). Moreover, 1c^\sm = (5"')“b 

Let T^: TM —)■ TM, the geodesic how dehned by the metric gw in TM, then the equation 


(31) implies that 

.J‘Jx,v) = 5" o o (S“)-'{x,v) = 5“ o/C”(r|/ll”ll-(a:,,0). 

Now by dehnition of TZ'^, we have that there is t{x,v) (the hrst time) such that 

n^{x,v) = r((^’’'folbl»(a;,n) eEcSM. 


(32) 


Therefore, = (iS"”) n)), so by equation (32) 

Since Jw is close to 0, then the equation above implies that TZ^'^{x,v) = Jw^’^\x,v) = 
7Z'^{x,v). □ 
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4.2.3 Proof of Main Theorem 1, 2 


Proof of Main Theorem 1. Let us apply Lemma and Corollary to A 2 and A 3 . 
We find a set dense Bj^ G M), C^-open, such that given e > 0, then for any 

F G Bj^, there are sub-horseshoes A|, of A 3 and Ap of A 2 with HD{Kp) > HD{K 
and HD{Kp) > HD^K^) — e (as in Lemma [TT]) . Also, there are Markov partitions 
of A^“, respectively, such that the function maxFj^\-^pp‘>,u g (7^(2 n Since 

A 2 n A 3 = 0 , the above implies that Ap fl A^ = 0 and 


e 

S.U 


> 1 . 


HD{A^p) + HD{A 

Hence, by [MYl] it is sufficient perturb A^. as in subsection |4.1.1 to obtain property V 
(cf. section 5.5). By Lemma [28] there is w small such that {TZ'^,Af) has the property V, 
where Ap = ((A|,)"', Ap) and (A|,)"' is the continuation of the hyperbolic set A|, for TZ'^. 
The Lemma 29 implies that 7V^ = 7^j„, then (7^"^, A^) has the property V. 


Continuing analogously as in the proof of Theorem [T| we conclude that there is an open 
and dense set V C C'^(S'M, M), such that 


intM{h, Jw) 7^ 0 and intL{h, Jw) 7^ 0 , for all h G V. 

Consider now, k = h o M), for h G V, then for {y,w) = n) G 

S'^M, we have that k{(j)\^{y,w)) = h{S^{(j/‘{{S^)~^{x,v)))) = h{Jlj{x,v)). Thus, 


intM{k, (p^u) ^ ^ and intL{k, ^ for all fc G "H, 

where "H = {h o 5"' : h G V} is dense an open set of M). □ 

Proof of Main Theorem 2. Joining the proof of Main Theorem 1 and the proof of 
Theorem we have that there is an open and dense set X, such that 

intM{h o TT, Jjjj) 7 ^ 0 and intL{h o tt, Xu,) 7 ^ 0 for all h G X. 

For {y,w) = {S'^)~^{x,v) G S'^M, as tt\s^m = and for h G X 

h o 7r(0(,(|/, w)) = ho 7r{S^{(j)l,{{S'^)-\x, v)))) = ho 7r(X^(a;, v)). 

Therefore, 

o TT, 0u)) 7 ^ 0 and mtX(h o vr, 0u,) 7 ^ 0, for all h G X. 


□ 
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5 Appendix 

5.1 Hyperbolic Flows 

Let M be a smooth manifold, )-MaC"’ flow, A C M a (^^-invariant set. The 

set A is said to be hyperbolic set for the flow (p^ if there exist a Riemannian metric on an 
open neighborhood U of A, such that there is continuous splitting T\M = 
invariant under the derivative of the flow Dcf on T\{SM), such that p is the subbundle 
spanned by the direction of flow. Dp exponentially expands and Dp exponentially 
contracts that is, there are constants K > 0 and A > 0 such that 

\Dpflv)\ > K-^e^^\v\ if and f > 0, 

\Dp^{v)\ < Ke~^^\v\ if V ^ E^^ and f > 0. 

By the Stable and Unstable Manifold Theorem |KH95] it follows that there is e > 0 such 
that for every a; G A the set 

Wfflx) = {y : d{p\x),p\y)) < e and d{p\x), p\y)) —^ 0} 

t^+00 

and 

Wf^{x) = {y : d{pflx),p\y)) < e and d{pflx),pfly)) —^ 0} 

t^ — OO 

are invariant C^-manifolds tangent to Efl and Ef^ respectively at x. Then we call Wf‘^{x) 
the local strong-stable manifold and Wfl^{x) the local strong-unstable manifold, sometimes 
denoted by Wffflx) and respectively. Here d is the distance on M induced by 

the Riemannian metric. Moreover, the manifolds Wf‘^{x) and Wfl^fx) varies continuously 
with X. Also, if a; G A one has that 

Wflx) = [jp-\Wfflp\x))) and W^{x) = [jp-^Wf^{p\x)) 
t>o t<o 

are invariant manifolds immerse in M, called of strong-stable manifold and strong- 
unstable manifold of x, respectively. Finally, the sets 

W^^flx) = [jWflpflx)) and W^^{x) = [jW'^{p\x)) 
iSM teiR 

are invariant manifolds tangent to Efl © p{x) and © p{x), respectively. 

5.2 Geometry of TM and SM 

The following two subsections can be found in |Pat99j : 
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5.2.1 Vertical and horizontal snbbundles 


Let tt: TM ^ M the canonical projection, i.e., ii y = {x,v) G TM, then n{y) = x. 

The vertical subbundle is dehned by V{y) = ker{dTiy). The connection map 

K: TTM TM, 

is dehned as follows. Let ^ G TyTM and 2 :: (—e, e) —)■ TM be a curve adapted to that 
is, with initial conditions as follows: 

/ ^(0) = y; 

I ^'(0) = e 

Such a curve gives rise to a curve a a: (—e, e) —)■ M, a := noz, and a vector held Z along 
to a, equivalently, z(t) = {a(t),Z(t)). Dehne 

A',«) = (V„Z)(0), 

where V is the Levi-Civita connection, and TTM is the tangent bundle of T M. 

The horizontal subbundle is the subbundle of TTM whose hbre at y is given by T[{y) = 
kerKy. 

For the vertical and the horizontal subbundle holds that 

TyTM = H{y)®V{y), 

and that the map jy: TyTM —)■ T^M x T^M given by 


is a linear isomorphism. 

We write ^ we mean that we identify ^ with jy{^), where = d'^yiO 

(v = A'„(0. 

Using the decomposition TyTM = H{y) © V{y), we can dehne in a natural way a 
Riemannian metric on TM that makes H{y) and V{y) orthogonal. This metric is called 
the Sasaki metric and is given by 

{{^:V))y = {dTly{i),dTly{ri))^(y) + {Ky{i),Ky{ri))^[yy 

The one-form a of TM dehned by 

= ((C,0(|/))) = {dTly{i),V)^, 

such that a restricted to SM (the unit tangent bundle) it becomes a contact form whose 
the characteristic how is the geodesic how restrict to SM. 

5.2.2 Jacobi fields and the differential of the geodesic flow 

In this section we shall describe an isomorphism between the tangent space TyTM and 
the Jacobi helds along the geodesic 7 ^. Using the decomposition of TyTM in vertical 
and horizontal subspaces, we shall give a very simple expression for the diherential of the 
geodesic flow in terms of Jacobi fields. Recall that a Jacobi vector held along the geodesic 
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7 j/ is a vector field along 7 ^ that is obtained as the variational vector held of a variation 
of y throngh geodesics. It is well known that J is a Jacobi vector held along 7 ^^ if and 
only it satishes the Jacobi equation 


j" + i?(7;,j)7; = o, 


where R is the Riemann curvatnre tensor of M and ' denote covariant derivatives along 7 ^. 


Let ^ G TyTM and z: (—e,e) —)• TM be an adapted cnrve to Then the map (s,f) —>■ 
71 o 0 *(z(s)) gives rise to a variation of 7^, = tt o 0 *(|/). The cnrves t —)■ tt o 0 *(2;(s)) are 
geodesics and therefore the corresponding variational vector held J^{t) = -§^\s=o'^°(j>^iz{s)) 
is a Jacobi vector held with initial conditions given by 

/ ^( 0 ) = y, 

I ^'(0) = e 

^|.=ovr o (j)\z{s))\t=o = dTTyi^); 

||t=o£|s=o7ro0*(2;(s)) 

^|s=o||t=ovr o (j)\z{s)) = §-J,=oZ{s) = Ky{^). 

Using the above we can describes the diherential of the geodesic how in terms of Jacobi 
helds and the splitting of TyTM into horizontal and vertical snbbnndles. In fact, holds 
that 

Claim: Given y G TM, ^ G TyTM and f G M, we have 

The following Lemma can be fonnd in (cf. |Pat991 pag. 42]) for compact case, bnt in 
non-compact case the proof still holds with some adaptations. 

Lemma 30. Let X C SM he a hyperbolic set. Then for any y & X 

E^^{y) © E^^{y) = keray. 

Proof. Let ns show that E^^{y) C keray the proof for E'^'^{y) is analogons. Since (ff 
preserves the contact form a, then given 7 G E^^{y), we have 

ayip) = a^t^y^i^dcffyivi)) 

= (d7r^t(y)(d0*(7)),7^(t)) = (d(vr o 7^(t)) 

= {Jvit),iy{t)) , 

since ||(J0* (7)||^ = || and ||d0*(?7)|| —)■ 0 when f —)■ cx), then ||U,,(t)|| —>■ 

0 when f —)■ cx). Also, |q!j^(? 7 )| < ||A?(^)||, so we have that ayijj) = 0 showing that 
E^^{y) C keray] therefore since E^^{y) © E'^^fy) and keray have the same dimensions, 
thns E^^{y) © E'^'^{y) = keray. □ 
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5.2.3 Stable and Unstable Jacobi Fields 

Let y = {x,v) and w orthogonal to v and let be the nniqne Jacobi hied on 7 ,,(t) 

snch that 

J'^{T) = 0 . 

The limit J^{t) := lim J'L{t) exists and is a Jacobi vector held on 7 „(t) (cf. |Ebe73l ). 

T —^CXD 

Clearly J^(0) = w and J^{t) ^ 0 for all t > 0. We call J^it) a the stable Jacobi field. 

The unstable Jacobi field J^{t) along 7 „(t) are got by considering the limits as T —)■ —oo, 

Jwit) ■= J^it). 

T^—oo 

The snbspaces (nsing the identihcation TySM = H{y) © V{y)) 

E^^{(jJ{y)) = {{J{t), J'{t)) G T^t(^y'^SM\J is a stable Jacobi held} 

£'““(0*(|/)) = {{J{t), J'{t)) G T^t(^y)SM\J is a nnstable Jacobi held} 

are called the Green snbbnndles on 7 ^, which are also the stable and nnstable snbbnndles 
of the dehnition of hyperbolicy of the geodesic how on SM (cf. jEbe73j ). 

5.3 Regular Cantor Sets 

Let A be a hnite alphabet, B a snbset of A^, and S® the snbshift of hnite type of A^ with 
allowed transitions B. We will always assnme that Sb is topologically mixing, and that 
every letter in A occurs in Eb. 

An expansive map of type Sb is a map g with the following properties: 

(i) the domain of is a disjoint union \^I{a,b). Where for each (a, 6 ), I{a,b) is a 

B 

compact subinterval of J(a) := [ 0 , 1 ] x {a}; 

(ii) for each (a, 6 ) G B, the restriction of g to I{a,b) is a smooth diheomorphism onto 
I{b) satisfying \Dg{t)\ > 1 for all t. 

The regular Cantor set associated to g is the maximal invariant set 

A'= 

n>0 B 


Let Eg be the unilateral subshift associated to Eb- There exists a unique homeomorphism 
h : Eg —)■ K such that 

h(o) G I{ao), for a = (oq, Oi,...) G Eg and h o a = g o h, 
where a~^: Eg —)■ Eg, is dehned as follows o'+((a„)„>o) = (an+i)n>o- 


60 






5.4 Expanding Maps Associated to a Horseshoe 

Let A be a horseshoe associate a C'^-diffeomorphism ip on the a surface M and consider 
a hnite collection {Ra)a&A of disjoint rectangles of M, which are a Markov partition of A. 
Put the sets 

n>0 aSA 

n<0 aSA 

There is a r > 1 and a collection of C'^-submersions (vTa : Ra —)■ /(ojjaeA, satisfying the 
following property: 

If z, z' G -Rao Id ip~^{Ra^ and Tiaoiz) = 7rag(z'), then we have 

= TTaMz')). 

In particular, the connected components of iy^(A, R) fl Ra are the level lines of Tia- Then 
we define a mapping g'^ of class C"" (expansive of type Sb) by the formula 

for (oo, oi) G B, z G Ra^ H ip~^{RaA)- The regular Cantor set defined by 5 ^“, describes 
the geometry transverse of the stable foliation iy^(A, i?). Analogously, we can describe 
the geometry transverse of the unstable foliation iy“(A, i?), using a regular Cantor set 
dehne by a mapping of class C’’ (expansive of type Sb). 

Also, the horseshoe A is locally the product of two regular Cantor sets and K'^. So, the 
Hausdorff dimension of A, HD{A) is equal to HD{K^ x but for regular Cantor sets, 
we have that HD{K^ x K^) = HD{KA + HD{K^). Thus HD{A) = HD{KA + HD{K^) 
(cf. pm chap 4]). 


5.5 Intersections of Regular Cantor Sets and Property V 


Let r be a real number > 
(cf. section 


1, or r = + 00 . The space of expansive maps of type S 
5.3), endowed with the topology, will be denoted by . The union 


his = is endowed with the inductive limit topology. 


r>l 


Let S = {{9n)n<o ) {9i,9i+i) G B for i < 0}. We equip S with the following ultrametric 
distance: for 9 A 9 E S“, set 


r 1 if 6*0 7 ^ ^ 0 ; 
d{9, a = <^ 

I \I{9a9)\ otherwise 

where 9A9 = ( 6 *_„,..., 6 * 0 ) if 9_j = 9_j for 0 < j < n and 9-n-i A 9-n-i ■ 

Now, let 0 G S“; forn > 0, let P = ( 6 '_„,..., 6 * 0 ), and let B{9^) be the affine map from 
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1 ( 0 "') onto I{0o) such that the diffeomorphism = B{^) o is orientation preserving. 
We have the following well-known result (cf. |Sul] ): 


Proposition. Let r G (1, +C)o), g G 

1. For any 6 G there is a diffeomorphism k- G Difff {I{6o)) such that fc® converge 
to k- in Difff {I{9o)), for any r' < r, uniformly in 9. The convergence is also 
uniform in a neighborhood of g in . 

2. If r is an integer, or r = -fcx), k^ converge to k- in Diff^{I{9o)). More precisely, 
for every 0 < j < r — 1, there is a constant Cj (independent on 9_) such that 

\D’\ogD[kio{ki)-'](x)\<C,\I{r)\. 

It follows that 9^k-is Lipschitz in the following sense: for 9 q = 9q, we have 


log D[k^ o {k^-)-^]{x) 


< Cjd{9,9). 


Let r G (1, -|-oo]. For a G A, denote by P^(a) the space of C^-embeddings of /(a) into M, 
endowed with the C"’ topology. The affine group Aff{Mf) acts by composition on the left 
on 'P^(a), the quotient space being denoted by V^{a). We also consider V{a) = \^ 

r>l 


and V{a) = V\a), endowed with the inductive limit topologies. 


r>l 


Remark 18. In \MY0Vf is considered 'P’’(a) for r G (1, -l-C)o], but all the definitions and 
results involving 'P^(a) can be obtained considering r G [1, -|-oo]. 


Let A = {9, A), where 9 E T and A is now an affine embedding of I{9o) into M. We 
have a canonical map 


A 

(9, A) ^ Aok^ (eP^(9o)). 

Now assume we are given two sets of data (A,]B, E, g), (A',]B', E', g') defining regular 
Cantor sets K, K'. 

We define as in the previous the spaces V = \JV{a) and V = IJPM. 

A A' 

A pair (h, h'), {h G V{a),h' G V'{a')) is called a smooth configuration for K{a) = KAl{a), 
K\a') = K' A I {a'). Actually, rather than working in the product "P x P', it is better to 
go to the quotient Q by the diagonal action of the affine group Aff{R). Elements of Q 
are called smooth relative configurations for K{a), K\a'). 

We say that a smooth configuration (h, h') G V{a) x P(a') is 

• linked if h{I{a)) fl h'{I{a')) 7 ^ 0 ; 
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• intersecting if h{K{a)) fl h'{K{af)) ^ 0, where K{a) = K D I (a) and K{af) = 
Knl{a'); 

• stably intersecting if it is still intersecting when we perturb it in "P x V', and we 
perturb {g, g') in his X • 

All these dehnitions are invariant under the action of the affine group, and therefore make 
sense for smooth relative conhgurations. 

As in previous, we can introduce the spaces A, A! associated to the limit geometries of 
g, g', respectively. We denote by C the quotient of ^ x by the diagonal action on 
the left of the affine group. An element of C, represented by {9, A) G A, (0^ A') G A', 
is called a relative configuration of the limit geometries determined by 0, We have 
canonical maps 


A X A' -)■ V xV' 

C ^ Q 

which allow to dehne linked, intersecting, and stably intersecting conhgurations at the 
level of A X A' or C. 

Remark; For a conhguration {{9, A), [9^, A')) of limit geometries, one could also consider 
the weaker notion of stable intersection, obtained by considering perturbations of g, g' in 
his X hls' and perturbations of (0, A), (0', A') in A x A! . We do not know of any example 
of expansive maps g, g', and conhgurations (^, A), {^,A') which are stably intersecting 
in the weaker sense but not in the stronger sense. 

We consider the following subset V of his x hls' • A pair [g, g') belongs to V if for any 
[(0, A), (0', A')] G A X A' there is a translation Rt (in M) such that {Rt o A o A;-, A' o k'-) 
is a stably intersecting conhguration. 


5.6 Incompressible Sets 

Next we will be considering some theorems that will be used in our arguments. 

Definition 5. Let Xi, X 2 he metric spaces with metrics di and ^2 respectively, a seguence 
of maps fi : Xi —> X 2 , i = 1,2, ■ ■ ■ is said to be uniformly bi-Lipschitz if there exists a 
C > 1 such that 


C ^di{x,y) < d 2 {fi{x),fi{y)) < Cdi{x,y) 

for all x,y G Xi and i = 1,2, ■ ■ ■; a C > 1 for which the relation holds is called a uniform 
bi-Lipschitz constant for the seguence. 

Definition 6. A subset S of a metric space X is said to be incompressible if for any 
nonempty open subset Q of X and any seguence fi of uniformly bi-Lipschitz maps from 
Lt onto (possibly different) open subsets of X, the subset 


63 



nZiU\s) 

has the same Hausdorjf dimension as X. 
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